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WHAT IS A SCALAR FIELD?

• According to Particle Physics, a scalar field represents a spin-zero boson. 

• The most famous of all is the Higgs boson, one of some which are 
needed for spontaneous symmetry breaking in the theory. Another 
example is the QCD axion. 

• Most extensions of the Standar Model of Particles predict a plethora of 
scalar fields: axions, moduli, dilaton, … 

• Scalar fields are very successful in condensed matter physics, also for 
symmetry breaking processes. 

• It also needs a scalar field potential            : the internal energy 
associated with a given value of the scalar field

A. Liddle, http://ned.ipac.caltech.edu/level5/Liddle/Liddle5_1.html
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like hidden sectors with low confinement scales. This both opens up interesting phenomenology
associated to the presence of this “dark world” and raises the question of how it managed to escape
being observed so far. We will touch on some of the issues involved in the concluding Section 3.
For now we focus upon the observational signatures of the light axions that we have argued are
generic to string theory once the strong CP problem is solved.
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Figure 1: Map of the Axiverse: The signatures of axions as a function of their mass, assuming
fa ⇡ MGUT and Hinf ⇠ 108 eV. We also show the regions for which the axion initial angles are
anthropically constrained not to over-close the Universe, and axions diluted away by inflation.
For the same value of fa we give the QCD axion mass. The beginning of the anthropic mass
region (2 ⇥ 10�20 eV) as well as that of the region probed by density perturbations (4 ⇥ 10�28

eV) are blurred as they depend on the details of the axion cosmological evolution (see Section
2.3). 3 ⇥ 10�18 eV is the ultimate reach of density perturbation measurements with 21 cm line
observations. The lower reach from black hole super-radiance is also blurred as it depends on
the details of the axion instability evolution (see Section 2.5). The region marked as “Decays”,
outlines very roughly the mass range within which we expect bounds or signatures from axions
decaying to photons, if they couple to ~E · ~B. We will discuss axion decays in detail in a companion
paper.

2.1 Discovering the String Axiverse

We now turn to the observational consequences of axions lighter than or around the QCD axion
mass. For simplicity, we keep fa fixed at MGUT and Hinfl ⇠ 0.1 GeV. The initial displacement of
axions heavier than ⇠ 10�20 eV has to be tuned in order for them not to overclose the universe and
axions heavier than 0.1 GeV have been diluted away by inflation. The observational consequences
of the string axiverse are outlined in Figure 1.

We concentrate on three main windows to the axiverse. First, as discussed in Section 2.2
axions of masses between 10�33 eV and 4⇥ 10�28 eV, if they couple to ~E · ~B, cause a rotation in
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INFLATION-DARK MATTER-DARK ENERGY
• All in one with many single fields: the axiverse

Arvanitaki et al, Phys. Rev. D 83, 044026 (2011) 

String compactifications give rise to many ‘axion’ fields
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Brito et al arXiv:1706.06311 [gr-qc]; Brito et al arXiv:1706.050976
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square strain amplitude h using the final BH parameters. By
averaging over source and detector orientations we get

h =

r
2

5⇡

GM

c2r

✓
MS

M

◆
A(�, fsM) , (3)

where r is the (comoving) distance to the source, the masses
are in the source frame, and the dimensionless function
A(�, fsM) is computed from BH perturbation theory [40,
42]. Our results are more accurate than the analytic approxi-
mations of [35, 36]. It can be shown that MS scales linearly
with Ji [40], so h also grows with Ji. For LISA, we also
take into account correction factors due to the detector ge-
ometry [43]. In the detector frame, Eq. (3) still holds if the
masses M and MS are multiplied by (1 + z), r is replaced
by the luminosity distance, and the frequency is replaced by
the detector-frame frequency f = fs/(1 + z). Nevertheless,
one needs to use detector-frame frequencies when comparing
to the detector sensitivity.

In semicoherent searches of monochromatic sources, the
signal is divided in N coherent segments of time length Tcoh,
and we have hthr ' 25N�1/4

p
Sh(f)/Tcoh, where hthr is

the minimum root-mean-square strain amplitude detectable
over the observation time N ⇥ Tcoh [44], and Sh(f) is the
noise power spectral density (PSD) at f [45].

In Fig. 1 we compare the GW strain of Eq. (3) with the
PSDs of LISA and Advanced LIGO at design sensitivity. The
GW strain increases almost vertically as a function of !R ' µ

in the superradiant range (0,⌦H). Thin solid curves corre-
spond to the stochastic background from the whole BH popu-
lation, for a boson mass ms. This background produces itself
a “confusion noise” when ms ⇡ [10�18

, 10�16] eV, compli-
cating the detection of individual sources. Figure 1 suggests
that bosons with masses 10�19 eV . ms . 10�11 eV (with
a small gap around ms ⇠ 10�14 eV, which might be filled
by DECIGO [46]) could be detectable by LIGO and LISA.
Below we quantify this expectation.
BH population models. Assessing the detectability of these
signals requires astrophysical models for BH populations. For
LISA sources, the main uncertainties concern the mass and
spin distribution of isolated BHs, the model for their high-
redshift seeds, and their accretion and merger history. We
adopt the same populations of [48, 49], which were based on
the semianalytic galaxy formation calculations of [50] (see
also [51–53]). In our optimistic model, we use these cal-
culations to infer the redshift-dependent BH number density
d
2
n/(d log10 Md�). The spin distribution is skewed toward

�i ⇠ 1, at least at low masses [51]. We also adopt less op-
timistic and pessimistic models with mass function given by
Eqs. (5) and (6) of [49] for z < 3 and 104M� < M <

107M�, whereas for M > 107M� we use a mass distribu-
tion with normalization 10 and 100 times lower than the opti-
mistic one. In both the less optimistic and pessimistic models
we assume a uniform spin distribution in the range �i 2 [0, 1].

The LIGO stochastic GW background comes mostly from
extra-galactic stellar-mass BHs, which were ignored in previ-
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FIG. 1. GW strain produced by BH-boson condensates compared to
the Advanced LIGO PSD at design sensitivity [47] and to the non-sky
averaged LISA PSD [12] (black thick curves), assuming a coherent
observation time of Tobs = 4yr in both cases. Nearly vertical lines
represent BHs with initial spin �i = 0.9. Each line corresponds to
a single source at redshift z 2 (0.001, 3.001) (from right to left, in
steps of �z = 0.2), and different colors correspond to different boson
masses ms. Thin lines show the stochastic background produced by
the whole population of astrophysical BHs under optimistic assump-
tions (cf. main text for details). The PSD of DECIGO [46] (dashed
line) is also shown for reference.

ous work [37]. Here we model these sources using the semi-
analytic galaxy evolution model of [54]. The BH formation
rate as a function of mass and redshift reads

dṅeg

dM
=

Z
dM? [t� ⌧(M?)]�(M?)�[M? � g

�1(M)] ,

(4)
where ⌧(M?) is the lifetime of a star of mass M?, �(M?)
is the stellar initial mass function,  (t) is the cosmic star for-
mation rate (SFR) density and � is the Dirac delta. We fit the
cosmic SFR as described in [55] and calibrate it to observa-
tions of luminous galaxies [56, 57]. We assume a Salpeter
initial mass function �(M?) / M?

�2.35 [58] in the range
M? 2 [0.1 � 100]M�, and take stellar lifetimes from [59].
We also follow the production of metals by stars [60] and the
resulting enrichment of the interstellar medium, which affects
the metallicity of subsequent stellar generations. The func-
tion g(M?) relates the initial stellar mass M? and the BH
mass M , and encodes the BH formation process. In general,
the mass of the BH formed from a star with initial mass M?

depends on the stellar metallicity [61] and rotational velocity
[62], as well as interactions with its companion if the star be-
longs to a binary system. We assume that all stellar-mass BHs
are produced from isolated massive stars after core collapse,
and calculate the BH mass for a given M? and metallicity us-
ing the analytic fits for the “delayed” model of [63]. Through
the metallicity, the function M = g(M?) is implicitly a func-
tion of redshift. Since this model does not predict the initial
BH spins, we assume a uniform distribution and explore dif-
ferent ranges: �i 2 [0.8, 1], [0.5, 1], [0, 1] and [0, 0.5].

The dominant contribution to LIGO resolvable signals
comes from Galactic stellar-mass BHs [37]. We estimate their
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for instance Ref. [33]) with the ones obtained from our
simulation for the purely fermionic case (corresponding to
the circles on the left in the bottom panel of Fig. 9). The
difference is always smaller than 1%, confirming the ac-
curacy and correctness of our results.

We now turn our attention to the boson-fermion case.
The fundamental mode, which is usually a function of the
mean density of the star, remains roughly constant except
for the largest boson fraction, for which it shifts towards
smaller frequencies. The overtones, at higher frequencies,
display more interesting features with the presence of new
quasinormal modes. The original neutron star overtones,
displayed with circles in Fig. 9, are the dominant ones for
small number of bosons. The power of these new oscilla-
tion modes increases with the boson fraction, suggesting
that their origin is the gravitational coupling with the scalar
field. The frequency of the overtones has a significant drift
towards higher values as the fraction of bosons increases.

The main features of this spectrum can be qualitatively
explained in a very simple way. The new quasinormal
modes, which were not present for isolated fermionic stars,
corresponds to the quasinormal modes of the boson star.
The oscillations in the bosonic part propagate to the fer-
mions through gravity. As the fraction of bosons increases,
so does the relative importance of the scalar field with
respect to the fluid density, producing the observed growth
in the amplitude of these modes. Consequently, the spec-
trum can be mainly understood as a superposition of
the quasinormal modes of the boson and the neutron star.
The drift in the frequencies is an effect of the change
in radius and mean density of the star as the fraction of
boson changes.

V. CONCLUDING REMARKS

We have studied in some detail the numerical evolution
of equilibrium configurations of mixed boson-fermion
stars. Our results confirm the existence of stable and un-
stable branches of equilibrium configurations. We also
defined a stability criterion based on the variation of the
number of bosonic and fermionic particles, for a given
fixed value of the total mass, as a function of the central
values of the scalar field amplitude and the fluid density.
This criterion states that the equilibrium configurations
located on the left of the maximum (minimum) number
of bosons (fermions) are stable, whereas the configurations
located on the right are unstable. We were able to deter-
mine the curve that separates the stable branch from the
unstable one, in the plane formed by the central values of
the scalar field !c and fluid density "c. We also verified
that the correct solutions are obtained in the limiting cases
of an isolated boson or fermionic star, by comparing with
the results of previous studies.
In order to assess the stability criterion, we performed

the numerical evolution of the fully nonlinear equations of
motion for two types of solutions. For the stable configu-
ration, the central values of the scalar field and the fermi-
onic density remain constant in time during the numerical
evolution, while the unstable star migrates to a stable
configuration by ejecting out some of the initial mass.
We also studied the structure of the normal modes and

overtones of these mixed stars by performing long term
numerical evolutions for configurations with a fixed total
mass but with different boson to fermion ratios. As ex-
pected, new oscillation modes appear in the frequency
spectrum of the stars, when compared to the fermion-
only case; the appearance of the new overtones is justified
because of the gravitational coupling of the fermionic
perfect fluid with the scalar field, which has its own oscil-
lation modes.
As we mentioned before, an accurate classification of

the properties of boson-fermion stars is necessary in order
to investigate the possible existence of bosons trapped
inside, for instance, in neutron stars. One possible
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FIG. 9 (color online). Normal modes of the fermion-boson
stars.—(Top) Fourier spectrum of the central value of the fluid
density "0 for several stable configuration with NB=NF ¼
f0;2:5;5;7:5; 10g% and MT ¼ 1:4. (Bottom) Frequencies corre-
sponding to the first, second, and third modes of the isolated
neutron star, as a function of the boson fraction. Notice the
appearance of new oscillation modes, not present for an isolated
neutron star. See the text for more details.
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like hidden sectors with low confinement scales. This both opens up interesting phenomenology
associated to the presence of this “dark world” and raises the question of how it managed to escape
being observed so far. We will touch on some of the issues involved in the concluding Section 3.
For now we focus upon the observational signatures of the light axions that we have argued are
generic to string theory once the strong CP problem is solved.
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eV) are blurred as they depend on the details of the axion cosmological evolution (see Section
2.3). 3 ⇥ 10�18 eV is the ultimate reach of density perturbation measurements with 21 cm line
observations. The lower reach from black hole super-radiance is also blurred as it depends on
the details of the axion instability evolution (see Section 2.5). The region marked as “Decays”,
outlines very roughly the mass range within which we expect bounds or signatures from axions
decaying to photons, if they couple to ~E · ~B. We will discuss axion decays in detail in a companion
paper.
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Ultra-light axions (ma . 10�18eV), motivated by string theory, can be a powerful probe of the
energy scale of inflation. In contrast to heavier axions the isocurvature modes in the ultra-light
axions can coexist with observable gravitational waves. Here it is shown that large scale structure
constraints severely limit the parameter space for axion mass, density fraction and isocurvature
amplitude. It is also shown that radically di↵erent CMB observables for the ultra-light axion
isocurvature mode additionally reduce this space. The results of a new, accurate and e�cient
method to calculate this isocurvature power spectrum are presented, and can be used to constrain
ultra-light axions and inflation.

PACS numbers: 14.80.Mz,90.70.Vc,95.35.+d,98.80.-k,98.80.Cq

Introduction– Axions [1] are a leading candidate for
the dark matter (DM) component of the Universe. Pro-
posed to solve the strong CP problem, they are also
generic in string theory [2], leading to the idea of an
axiverse [3]. The number of axions in the axiverse is ex-
pected to be large. Due to the topological complexity
of string compactifications, and due to non-perturbative
physics/moduli stabilisation, the resulting spectrum of
axions can cover many decades in mass. Realisations
of the axiverse have been achieved in Type-IIB [4] and
M-theory [5] moduli stabilisation. Beyond the axiverse
scenario there are many proposed extensions to the stan-
dard model of particle physics (both within string theory
and outside of it) that yield new light particles, such as
hidden U(1) sectors, minicharged particles, Kaluza-Klein
zero modes, generic pseudo Nambu-Goldstone bosons [6],
massive gravitons [7], galileons [8], chameleons [9], and
axion-like particles.

There are a variety of experimental and observational
techniques to search for such particles [6], such as light
shining through walls experiments, constraints to fifth
forces, stellar cooling, blazar spectra, helioscopes, and
black hole super-radiance. Indeed, the population statis-
tics of observed supermassive black holes exclude the
existence of light scalar particles in the mass range
10�20 eV . m . 10�17 eV [10].

At lower masses cosmological observations become in-
creasingly powerful, provided these particles contribute
to the energy density of the universe, as DM or dark en-
ergy [11]. For the duration of this paper we will refer
solely to axions, though our techniques and results apply
to any light particles produced in the same way, and that
exist and are massless during inflation. For m . 10�2 eV

⇤dmarsh@perimeterinstitute.ca
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FIG. 1: Adiabatic matter power spectra, with varying ax-
ion mass ma = 10�28

, 10�26
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, 10�23 eV at fixed den-
sity fraction ⌦a/⌦d = 0.5 (dashed), and varying ⌦a/⌦d =
0.1, 0.5, 1 at fixed ma = 10�25 eV (solid). Spectra are calcu-
lated using the methods of Ref. [23].

the axion relic density results from vacuum realignment
[12]. An important distinction between QCD axions and
lighter axions is that the temperature dependence of the
mass drops out and this changes the scalings between
misalignment angle and relic density.

If axions are very light, with mass ma . 10�18 eV
(ultra-light axions, or ULAs), coherent oscillations of the
field lead to the suppression of clustering power on small
(but cosmological) scales, and distinguish ULAs from
cold (C)DM [13–15]. Heuristically, the scale at which
structure suppression sets in is the geometric mean of
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like hidden sectors with low confinement scales. This both opens up interesting phenomenology
associated to the presence of this “dark world” and raises the question of how it managed to escape
being observed so far. We will touch on some of the issues involved in the concluding Section 3.
For now we focus upon the observational signatures of the light axions that we have argued are
generic to string theory once the strong CP problem is solved.

2 Cohomologies from Cosmology

CMB 
Polarization

10-33 4 ! 10-28

Axion Mass in eV

108

Inflated 
Away

Decays

3 ! 10-10

QCD axion
2 ! 10-20

3 ! 10-18

Anthropically Constrained
Matter

Power Spectrum
Black Hole Super-radiance

Figure 1: Map of the Axiverse: The signatures of axions as a function of their mass, assuming
fa ⇡ MGUT and Hinf ⇠ 108 eV. We also show the regions for which the axion initial angles are
anthropically constrained not to over-close the Universe, and axions diluted away by inflation.
For the same value of fa we give the QCD axion mass. The beginning of the anthropic mass
region (2 ⇥ 10�20 eV) as well as that of the region probed by density perturbations (4 ⇥ 10�28

eV) are blurred as they depend on the details of the axion cosmological evolution (see Section
2.3). 3 ⇥ 10�18 eV is the ultimate reach of density perturbation measurements with 21 cm line
observations. The lower reach from black hole super-radiance is also blurred as it depends on
the details of the axion instability evolution (see Section 2.5). The region marked as “Decays”,
outlines very roughly the mass range within which we expect bounds or signatures from axions
decaying to photons, if they couple to ~E · ~B. We will discuss axion decays in detail in a companion
paper.

2.1 Discovering the String Axiverse

We now turn to the observational consequences of axions lighter than or around the QCD axion
mass. For simplicity, we keep fa fixed at MGUT and Hinfl ⇠ 0.1 GeV. The initial displacement of
axions heavier than ⇠ 10�20 eV has to be tuned in order for them not to overclose the universe and
axions heavier than 0.1 GeV have been diluted away by inflation. The observational consequences
of the string axiverse are outlined in Figure 1.

We concentrate on three main windows to the axiverse. First, as discussed in Section 2.2
axions of masses between 10�33 eV and 4⇥ 10�28 eV, if they couple to ~E · ~B, cause a rotation in

8
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A search for ultra-light axions using precision cosmological data
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Ultra-light axions (ULAs) with masses in the range 10�33 eV  ma  10�20 eV are motivated
by string theory and might contribute to either the dark-matter or dark-energy densities of the
Universe. ULAs could suppress the growth of structure on small scales, or lead to an altered
integrated Sachs-Wolfe e↵ect on large-scale cosmic microwave-background (CMB) anisotropies. In
this work, cosmological observables over the full ULA mass range are computed, and then used
to search for evidence of ULAs using CMB data from the Wilkinson Microwave Anisotropy Probe
(WMAP), Planck satellite, Atacama Cosmology Telescope, and South Pole Telescope, as well as
galaxy clustering data from the WiggleZ galaxy-redshift survey. In the mass range 10�32 eV 
ma  10�25.5 eV, the axion relic-density ⌦a (relative to the total dark-matter relic density ⌦d)
must obey the constraints ⌦a/⌦d  0.05 and ⌦ah

2  0.006 at 95%-confidence. For ma ⇠> 10�24 eV,
ULAs are indistinguishable from standard cold dark matter on the length scales probed, and are
thus allowed by these data. For ma ⇠< 10�32 eV, ULAs are allowed to compose a significant fraction
of the dark energy.

PACS numbers: 14.80.Mz,90.70.Vc,95.35.+d,98.80.-k,98.80.Cq

I. INTRODUCTION

A multitude of data supports the existence of dark
matter (DM) [1–12]. The identity of the DM, however,
remains elusive. Axions [13–15] are a leading candidate
for this DM component of the Universe [16–22]. Origi-
nally proposed to solve the strong CP problem [13], they
are also generic in string theory [23, 24], leading to the
idea of an axiverse [25]. In the axiverse there are multiple
axions with masses spanning many orders of magnitude
and composing distinct DM components. For all axion
masses ma ⇠> 3H0 ⇠ 10�33eV, the condition ma > 3H
is first satisfied prior to the present day. When this hap-
pens, the axion begins to coherently oscillate with an
amplitude set by its initial misalignment, leading to ax-
ion homogeneous energy densities that redshift as a

�3

(where a is the cosmic scale factor). If ma ⇠> 10�27 eV,
the axion energy-density dilutes just as non-relativistic
particles do after matter-radiation equality, making the
axion a plausible DM-candidate.

The fact that axions can be so light places them, like
neutrinos, in a unique and powerful position in cosmol-
ogy. For as we shall show, unlike all other candidates
for DM, axions lead to observational e↵ects that are di-
rectly tied to their fundamental properties, namely the
mass and field displacement. Signatures in the cosmic
microwave background (CMB) and large-scale structure
(LSS) can be used to pin down axion abundances to high

⇤
dmarsh@perimeterinstitute.ca

FIG. 1. Marginalized 2 and 3� contours show limits to the
ultra-light axion (ULA) mass fraction ⌦a/⌦d as a function
of ULA mass ma. The vertical lines denote our 3 sampling
regions, discussed below. The mass fraction in the middle
region is constrained to be ⌦a/⌦d ⇠< 0.05 at 95% confidence.
Red regions show CMB-only constraints, while grey regions
include large-scale structure data.

precision as a function of the mass; these constraints can
be used to place stringent limits on the mass of the ax-
ion as a candidate for DM. Furthermore, the nature of
inhomogeneities in the axion distribution yield, as with
primordial gravitational waves, a direct window on the
very early universe and, in particular, the energy scale of
inflation. This state of a↵airs echoes the remarkable re-
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2.1 Mathematical background

If we use ⇢I and pI to denote the energy density and pressure, respectively, for each matter
fluid in the model apart from the scalar field, the full equations of motion of the ⇤SFDM
model are:

H
2 =


2

3

 
X

I

⇢I + ⇢�

!
, (2.1a)

Ḣ = �


2

2

"
X

I

(⇢I + pI) + (⇢� + p�)

#
, (2.1b)

⇢̇I = �3H(⇢I + pI) , (2.1c)

�̈ = �3H�̇ � m
2
� , (2.1d)

where 
2 = 8⇡G, a dot denotes derivative with respect to cosmic time t, and H is the

Hubble parameter. The scalar field energy density ⇢� and pressure p� are given by the
known expressions:

⇢� =
1

2
�̇

2 +
1

2
m

2
�

2
, p� =

1

2
�̇

2
�

1

2
m

2
�

2
. (2.2)

In order to transform the Klein-Gordon (KG) equation (2.1d), we define a new set of
variables[61]:

x ⌘
�̇

p
6H

, y ⌘ �
m�
p

6H
, y1 ⌘ 2

m

H
, (2.3)

In writing Eqs. (2.3), we are assuming that initially � < 0 so that both variables y, y1 start
with positive values1. As a result, the KG equation can be written as a system of first order
di↵erential equations in the form:

x
0 = �

 
3 +

Ḣ

H2

!
x +

1

2
yy1 , y

0 = �
Ḣ

H2
y �

1

2
xy1 , y

0
1 = �

Ḣ

H2
y1 , (2.4)

where a prime denotes derivative with respect to the number of e-foldings N ⌘ ln(a/ai), with
(ai) a the (initial) scale factor of the Universe. (Hereafter, we label initial conditions with a
sub-index i.)

We now apply a polar change of variables to the kinetic and potential variables in the

form: x = ⌦1/2
� sin(✓/2) and y = ⌦1/2

� cos(✓/2), where ⌦� ⌘ 
2
⇢�/3H2 is the density param-

eter of the scalar field. This type of transformations was first proposed in[62] and recently
applied for inflationary models in[63], but see also[64–66] for other similar definitions. Firstly,
we rewrite the Friedman constraint (2.1a) and the acceleration equation (2.1b), respectively,
as

1 =
X

j

⌦j + ⌦� ,
Ḣ

H2
= �

3

2
(1 + wtot) , (2.5a)

where

⌦I ⌘


2
⇢I

3H2
, wtot ⌘

ptot

⇢tot
=
X

I

⌦IwI + ⌦�w� , (2.5b)

1This means that the evolution of the scalar field � starts on the left branch of the parabolic potential (1.1),
which is not a limitation as the system of equations is invariant under the change � ! ��. To start the
evolution on the right branch, the signs of y, y1 just need to be changed.
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2

use this to analyze the di↵erences in the linear process
of structure formation of the axion field with respect to
the free (quadratic potential) and the CDM cases. As we
shall see, there is a delay in the oscillations of the axion
around the minimum of the potential (1), and the MPS
is further suppressed when compared to that of the free
case. For the sake of concreteness we present all the re-
sults for a fiducial model with axion mass m� = 10�22

eV, but we have verified that the qualitative features hold
for other masses in the range 10�26

< m�/eV< 10�20.
Background Dynamics.– The equations of motion

for a scalar field � endowed with the potential (1), in a
homogeneous and isotropic space-time with null spatial
curvature, are given by

H
2 =


2

3

0

@
X

j

⇢j + ⇢�

1

A , ⇢̇j = �3H(⇢j + pj) ,(2a)

Ḣ = �
2

2

2

4
X

j

(⇢j + pj) + (⇢� + p�)

3

5 , (2b)

�̈ = �3H�̇+m
2
� sin(�/f) , (2c)

where 
2 = 8⇡G, ⇢j and pj are the energy and pressure

density of ordinary matter, a dot denotes derivative with
respect to cosmic time t and H = ȧ/a is the Hubble
parameter. The scalar field energy density and pressure
are given by the canonical expressions ⇢� = (1/2)�̇2 +
V (�) and p� = (1/2)�̇2 � V (�).

We define a new set of polar coordinates as in [26, 43,
44],

�̇p
6H

⌘ ⌦1/2
� sin(✓/2),

V
1/2

p
3H

⌘ ⌦1/2
� cos(✓/2) , (3a)

y1 ⌘ �2
p
2
@�V

1/2

H
, (3b)

with which the Klein-Gordon equation (2c) takes the
form of the following dynamical system,

✓
0 = �3 sin ✓ + y1 , (4a)

y
0
1 =

3

2
(1 + wtot) y1 +

�

2
⌦� sin ✓ , (4b)

⌦0
� = 3(wtot � w�)⌦� , (4c)

where � = 3/2
f
2 and ⌦� = 

2
⇢�/3H2 is the standard

scalar field density parameter. Here, a prime denotes
derivative with respect to the number of e-foldings N ⌘
ln(a/ai), with a the scale factor of the Universe and ai its
initial value. Other quantities in Eqs. (4) are the total
equation of state wtot = ptot/⇢tot, and the equation of
state associated to the scalar field w� = p�/⇢� = � cos ✓.
For � = 0 in Eq. (4c) the dynamical system for the free
case is recovered, see Ref. [26].

One critical step in the numerical solution of Eqs. (2)
and (4) is to find the correct initial conditions of the
dynamical variables. In general, we expect the initial

values to depend on the physical parameters of the model,
that is Ai = Ai(�,m�,⌦�0), where Ai represents the
initial value of any of the dynamical variables. For the
axion case, it can be shown that we must satisfy the
following constraints,

⌦�i = a
�3
oscai

⌦�0

⌦r0
, y1i = 5✓i ,

m
2
�

H
2
i

=
y
2
1i

4
+ �⌦�i ,(5)

where aosc is the value of the scale factor at the onset
of the oscillations of the field � around the minimum
of the potential (1). The last equality in Eqs. (5) is
the usual Pythagorean identity, which arises because of
the trigonometric functions involved in the axion poten-
tial (1) and its field derivatives.

The solution of Eqs. (5) provides appropriate seed val-
ues that the CLASS code adjusts through a shooting pro-
cedure to obtain the correct value of the axion density pa-
rameter ⌦�0 at the present time. As expected, Eqs. (5)
also provide the right seed values for the free case if � = 0.
The importance of the relation between the initial condi-
tions and the values of the physical parameters to obtain
the right DM abundance at the present time cannot be
overestimated, as otherwise the comparison of our results
with the free case, or with the standard CDM one, would
be meaningless.

In Fig. 1 we show the evolution of the axion en-
ergy density ⇢� in comparison with that of CDM (all
other cosmological quantities are the same as in the fidu-
cial ⇤CDM model[1]). The numerical examples corre-
spond to an axion field with mass m� = 10�22eV and
� = 0, 10, 102, 103, 104, 105. We can clearly see that ⇢�

evolves just like CDM after the onset of the field oscilla-
tions. The latter are delayed by the presence of the decay
parameter �, and also the transition to the CDM behav-
ior occurs more abruptly for larger values of �. This is
just a consequence of the increase in the steepness of the
potential (1) for � � 1, which in turn makes it more
di�cult to find a reliable numerical solution of Eqs. (4).
For the axion mass m� = 10�22 eV shown in Fig. 1 the
largest value considered was � = 105. Although larger
values would be desirable, we are already close to the
expected upper bound on �. As estimated in Ref. [45],
the axion field can provide the whole of the DM bud-
get as long as m�/

p
� > 6 ⇥ 10�27 eV. In particular,

a conservative estimate is that � . 108 if m� = 10�22

eV, although other considerations can provide stronger
constraints [45–47].

Linear Density Perturbations and Mass Power
Spectrum.– Let us now consider the case of linear per-
turbations ' of the axion field in the form �(x, t) =
�(t) + '(x, t). As for the metric, we choose the syn-
chronous gauge with the line element ds

2 = �dt
2 +

a
2(t)(�ij + hij)dxi

dx
j , where hij is the tensor of met-

ric perturbations. The linearized Klein-Gordon equation

and wI = pI/⇢I is the barotropic equation of state (EoS) of the I-th matter fluid. Notice
that we have defined the total EoS wtot for the background dynamics in terms of the ratio
of the total pressure ptot to the total energy density ⇢tot, whereas that of the scalar field is
simply given by

w� ⌘
p�

⇢�
=

x
2
� y

2

x2 + y2
= � cos ✓ . (2.6)

That is, the new angular variable ✓ is directly related to the scalar field EoS.
After some straightforward algebra, the KG equation (2.1d) becomes:

✓
0 = �3 sin ✓ + y1 , (2.7a)

y
0
1 =

3

2
(1 + wtot) y1 , (2.7b)

⌦0
� = 3(wtot � w�)⌦� . (2.7c)

Eqs. (2.7) are a compact and neat representation of the KG equation, and they reveal that
the true variables driving the scalar field dynamics are (✓, y1,⌦�), with the field values � and
�̇ now playing a secondary role. Eqs. (2.7) also show that the dynamics of the quadratic
potential does not have any free physical parameters, as the successive transformations ap-
plied to the KG equation made the field mass m become an implicit parameter in the final
equations of motion2.

2.2 Early, intermediate, and late time behaviors

It is convenient to study the behavior of the scalar field under the new equations of mo-
tion. (2.7). For that we consider that there is a special time for the beginning of the scalar
field oscillations around the minimum of the potential (1.1), that we will denote by its cor-
responding scale factor aosc. Equivalently, aosc also corresponds to ✓osc = ⇡/2, which is the
point at which the SFDM EoS first passes through zero, w�(✓osc) = 03.

As the field in our study will be part of the matter budget, we will also consider that
the oscillations start before the time of radiation-matter equality at aeq, and then we put the
constraint aosc < aeq

4. Thus, for early times we will refer to the epoch of radiation domination
(RD) before the onset of the scalar field oscillations, so that a ⌧ aosc. Intermediate times
will refer to a < aosc, still within the RD, whereas late times will strictly refer to a > aosc.
In terms of the angular variable ✓, the above times can be rephrased as: 0 < ✓ ⌧ ⇡/2 for
early times, ✓ < ⇡/2 for intermediate times, and ✓ > ⇡/2 for late times. This classification

2 Strictly speaking, there is no need to consider y1 as a separate variable, nor to take Eq. (2.7b) as an
independent equation of motion. As shown in Eqs. (2.3), y1 is just proportional to H

�1, and then only
Eqs. (2.7a) and (2.7c) are enough to represent the KG equation (2.1d) when the scalar field potential is the
quadratic one in Eq. (1.1). However, y1 plays an independent role in cases with more involved scalar field
potentials, and then we will consider it as such for reference in future works (see for instance[63] in the case
of inflationary models). As we shall show, this approach will also be useful to find approximate solutions in
Sec. 2.2 below.

3 Usual treatments define aosc from the approximate relation m ' 3H(aosc). Notice that our approach
gives a more accurate definition of aosc as it directly involves the scalar field EoS. As we shall see in Sec. 2.3,
the exact value of aosc, which can be obtained from Eq. (2.13), is not necessary for the numerical calculations

4 This is an important assumption for the analytical expressions in this section. However, the same
equations of motion can also be solved approximately for the case in which aosc > aeq. One simple approach
to do so is to find approximate solutions Of Eqs. (2.7) for a < aeq assuming radiation domination, and for
a > aeq assuming matter domination. The two solutions would be matched together at a = aosc. This
procedure would provide good enough expressions for purposes beyond those of the present paper.
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by the Planck collaboration for the concordance model ⇤CDM[69]. The mass of the SFDM
particle in the given examples is indicated in the plots, and in each case was calculated from
the initial condition ✓i through Eq. (2.16).

A general feature in all the numerical examples is that the SFDM energy density ⇢� is
constant at very early times, when its dynamics is dominated by its potential energy. Once
the oscillations start, the energy density scales as a matter component, and the evolution of
the density parameters clearly show that the subsequent epochs of matter and ⇤ domination
are indistinguishable from those of ⇤CDM. The onset of oscillations can be clearly seen in
the evolution of the density parameter ⌦�, specially in the cases with the lightest masses.
Actually, the oscillations start well before the time of radiation-matter equality except for
the lightest case m ' 10�26eV. A detailed description of the solution of ⌦� can be found
in the Appendix A, where we also show that the cut-o↵ (2.18) helps CLASS to calculate
e↵ortlessly the right solution at late times.

3 SFDM linear perturbations

The linear perturbations of scalar fields, and its influence in the CMB and other related
observables, have been studied intensively in the specialized literature under a variety of
di↵erent circumstances, see for instance[15, 18, 21, 22, 32, 39, 70–74] and references therein.
Here, we aim to present a new study of field perturbations that, in many aspects, mirrors
the one we presented for the background in Sec. 2.

Following common wisdom, here we shall assume the synchronous gauge of metric per-
turbations, with the line element ds2 = �dt

2 +a
2(t)(�ij +hij)dxidxj . Notice that we will not

work with the standard conformal time ⌧ , and then a dot still means derivative with respect
to the cosmic time t. The scalar field is given by �(x, t) = �(t) + '(x, t), where �(t) is the
background (homogeneous) field, and ' is its linear perturbation. Thus, the linearized KG
equation for a Fourier mode '(k, t) reads[37, 70–72]:

'̈ = �3H'̇ � (k2
/a

2 + m
2)' �

1

2
�̇ḣ , (3.1)

where h is the trace of scalar metric perturbations (with ḣ known as the metric continuity),
and k is a comoving wavenumber. The perturbations in density �⇢�, pressure �p�, and
velocity divergence ⇥�, are given, respectively, by[71, 72, 75]:

�⇢� = �̇'̇ + @�V ' , (3.2a)

�p� = �̇'̇ � @�V ' , (3.2b)

(⇢� + p�)⇥� = (k2
/a)�̇' . (3.2c)

The standard field approach for scalar field perturbations is to solve Eq. (3.1) for a given
background evolution to find ' and '̇, which are then used to calculate the perturbative
quantities (3.2). At a heuristic level, and for a rapidly oscillating scalar field, we can see that
its linear perturbations grow if the fields in the KG equations (2.1c) and (3.1) have similar
natural frequencies, which would happen for scales such that k ⌧ m, whereas in the opposite
case k � m, we expect a suppression of the perturbations.

The true behavior of scalar field perturbations is actually more complex, and numerical
solutions are unavoidable. However, Eq. (3.1) su↵ers from the same sti↵ness problem of
the background equations, mainly because of the rapidly oscillatory terms that arise on the

– 10 –
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FIG. 1. The evolution of the axion and CDM energy densities
up to the present time. Although the amplitude of the axion
density is initially much smaller than that of CDM, it can
be noted that from log(a) ⇠ �6 the axion density evolves
exactly like CDM. The inset shows that for larger values of
� the axion oscillations start later as compared to those of
the free case, and that the transition to CDM happens more
abruptly.

for a given Fourier mode '(k, t) reads [48–51]:

'̈ = �3H'̇�

k
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2
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'� 1

2
�̇
˙̄
h , (6)

where a dot means derivative with respect the cosmic
time, h̄ = h

j
j and k is a comoving wavenumber.

As shown in Ref.[26], we can transform Eq. (6) into a
dynamical system by means of the following (generalized)
change of variables,

r
2

3

'̇

H
⌘ �⌦1/2

� e
↵ cos(#/2) ,

y1'p
6

⌘ �⌦1/2
� e

↵ sin(#/2) ,

(7)
with ↵ and # the new variables needed for the evolution
of the scalar field perturbations. But if we further define
�0 = �e

↵ sin(✓/2 � #/2) and �1 = �e
↵ cos(✓/2 � #/2),

then Eq. (6) takes on a more manageable form,
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where k
2
J ⌘ a

2
H

2
y1 is the (squared) Jeans wavenumber

and a prime again denotes derivative with respect to the
number of e-folds N . Notice that the new dynamical

FIG. 2. Mass power spectrum at the present time for an axion
field with the same values of � as in Fig. 1. The characteristic
cut-o↵ of the axion MPS is clearly seen, together with some
di↵erences at small scales induced by the physical parameter
�. (Inset) We show for reference the values of k5% (k50%), the
wavenumber at which the axion MPS di↵ers by 5% (50%) in
amplitude with respect to that of CDM. The values are k5% =
3.9Mpc�1 (k50% = 6.4Mpc�1) and k5% = 3.2Mpc�1 (k50% =
5.7Mpc�1), for � = 0 (grey solid vertical lines) and � = 105

(green dashed vertical lines), respectively. It is concluded that
the presence of the parameter � just increases the suppression
rate of the MPS at larger scales. MPS data from BOSS DR11
[53] is shown for reference.

variable �0 is the axion density contrast, as a straight-
forward calculation using Eqs. (3) and (7) shows that
�0 = (�̇'̇+ @�V ')/⇢�. This implies that Eq. (8a) is the
closest expression one can find to a fluid equation for the
evolution of the axion density contrast. The physical in-
terpretation of �1 is by no means as direct as that of �0,
and then Eq. (8b) tells us of the di�culties to match the
equations of motion of scalar field linear perturbations to
those of a standard fluid[52]. For the initial conditions,
we use the attractor solutions at early times[26] given
by �0i = �h̄i✓

2
i /84 and �1i = �h̄i✓i/7, where hi and ✓i

are, respectively, the initial values of the trace of metric
perturbations h and the background angular variable ✓.

The solution of Eqs. (8) are useful to build up cos-
mological observables such as the MPS, which we show
for the axion field and CDM in Fig. 2. It is well known
that there is a characteristic cut-o↵ in the MPS of a free
field, and this feature is also present for the axion case,
see Figure 2, although with di↵erences that we are to
explain now.

To quantify the di↵erences we determined the
wavenumbers k5% and k50% at which the amplitude of
the MPS changes by 5% and 50%, respectively, with re-
spect to that of CDM. The value of k5% can be con-
sidered an estimate of the cut-o↵ wavenumber, whereas
that of k50% will help us to estimate further deviations



wavelength at the ground state of the particle in the gravita-
tional potential well and that the power spectrum is su-
pressed relative to the CDM case. We see before that most of
the interesting properties of potential !2" as dark matter are
due to its polynomial behavior #2. Then, it is not strange
that, in our case, the mass power spectrum is also related to
the CDM case by !see Ref. $20%"

P#!k "!"cosx31!x8#
2

PCDM!k ", !83"

but using x"(k/kmin,#) with kmin,# being the wave number
associated to the Jeans length !65". The difference with re-
spect to the case treated in Ref. $20% is that the relevant time
scale is that when scalar oscillations start and not that of
radiation-matter equality.
If we take a cutoff of the mass power spectrum at k

"4.5 hMpc#1 $15%, we can fix the value of parameter & .
Using Eq. !63", we find that

&!20.28,

V0!!3.0$10#27MPl!36.5 eV"4, !84"

m#!9.1$10#52MPl!1.1$10#23 eV,

where MPl"1.22$1019 GeV is the Planck mass. All param-
eters of potential !2" are now completely determined and we
have the right cutoff in the mass power spectrum.

3. Scalar field ! dominated era

For completeness, we will draw some general features of
the evolution of fluctuations during the dark energy domi-
nated era. At this era, the scalar field ' now dominates both
the evolution of the Universe and the differential equation
!67". We do not worry about # anymore, because its per-
turbed solution continues being (#"#(1/2)h due to its os-
cillations around the minimum of the potential. The scalar
energy )' evolves as a perfect fluid with equation of state
*' due to the effective exponential behavior of potential !1".
Then,

'̇"!1!*'!a2)', !85"

Ṽ"
1#*'

2 )' , !86"

Ṽ!"!3!1!*'"Ṽ , !87"

Ṽ""3!1!*'"Ṽ . !88"

Since the scalar field ' dominates the evolution of the Uni-
verse, it is straightforward that

a2)'"
3H 2

+0
, !89"

FIG. 4. Evolution of the density contrasts for baryons (b , stan-
dard cold dark matter (CDM and scalar dark matter (# vs the scale
factor a taking ,0M"0.30 for the models given in Fig. !3". The
modes shown are k"0.1 Mpc#1 !top" and k"1.0$10#5 Mpc#1

!bottom".

FIG. 5. Power spectrum at a redshift z"50: -CDM !solid-
curve", and #CDM with &"5 !dashed-curve" and &"10 !dotted-
curve". The normalization is arbitrary.
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SFDM: INHOMOGENEOUS

• Initial conditions are the 
same as CDM at the end 
of inflation 

• SFDM mimics the 
behaviour of CDM in 
linear perturbations at 
large scales 

• SFDM has a sharp cut-off 
in the power spectrum at 
small scales
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SFDM: INHOMOGENEOUS

• Initial conditions are the 
same as CDM at the end of 
inflation 

• SFDM mimics the behaviour 
of CDM in linear 
perturbations at large scales 

• SFDM has a sharp cut-off in 
the power spectrum at small 
scales 

• The cut-off power spectrum 
is approximately given by:

Power spectrum obtained by 
running CLASS up to z=0
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• 1D power spectrum 
calculated from the 3D linear 
power spectrum 

• The observable is the 1D flux 
power spectrum, which is 
closely related to the 1D 
power spectrum 

• Constraints from Lyman-alpha 
forest to the dark matter 
contribution of the scalar field. 
F represents the fractional 
dark matter contribution
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Figure 7: Suppression of the linear matter power spectrum today due to a scalar DM with mass m =

10�22 eV, for various values of the scalar DM fraction F . The results are obtained by numerically

solving the evolution equations (B.14) and (B.15).

with respect to a given reference model in an approximate yet immediate way, without the need of

running computationally expensive cosmological simulations. Firstly, we parameterize the deviation

of a given model with respect to the standard CDM case through the ratio

⇠(k) =
P1D(k)

P
CDM
1D (k)

, (C.1)

where P1D(k) is the 1D matter power spectrum of the model that we are considering, computed by

the following integral on the 3D matter power spectrum:

P1D(k) =
1

2⇡

1Z

k

dk
0
k
0
P (k0), (C.2)

with P (k0) being the 3D linear matter power spectrum, computed at redshift z = 0.

In order to find out whether a model deviates more or less from standard CDM, with respect to

the reference model that we have chosen, we adopt the following criterion: a model is rejected if it

shows a larger power suppression with respect to the reference one. The suppression in the power

spectra is computed via the following estimator:

�A ⌘
ACDM � A

ACDM
, (C.3)

where A is the integral of ⇠(k) over the typical range of scales probed by Lyman-↵ observations

(e.g., 0.5 h/Mpc  k  10 h/Mpc for the MIKE/HIRES+XQ-100 combined data set used in this

work and in Ref. [16]), i.e.,

A =

kmaxZ

kmin

dk ⇠(k), (C.4)

21

Figure 8: Here we compare the 2 and 3 � limits from the MCMC analysis (red regions), with the

2 and 3 � limits determined through the area criterion (superposed gray regions bounded by dashed

lines). All the combinations of scalar DM mass and fraction which sample the region outside the

gray contours are thus rejected by the area criterion analysis.

such that ACDM ⌘ kmax � kmin by construction.

We are now able to use the area criterion 10 that we have just outlined for constraining the DM

mass m and abundance F , in the ultralight scalar DM framework that we have examined in this

paper. In doing so, we calibrate the method by taking as references the 2 and 3 � limits on the

scalar DM mass where it constitutes all the DM content of the universe, namely the values given by

the intercepts between the 2 and 3 � contours with the F = 1 line in Fig. 1.

We have then computed the corresponding linear power spectra with the numerical Boltzmann

solver axionCAMB [25] and plugged into Eqs. (C.1) and (C.3). The resulting �AREF2� and �AREF3�

are the estimate of the small-scale power suppression with respect to standard CDM for scalar

DM models that are excluded at 2 and 3 � C.L., respectively. Thereafter, we have built a grid

in the {m, F}-space, where each grid-point is associated to a di↵erent combination of scalar DM

mass and fraction, in order to compare all the corresponding �A with �AREF and accept only those

combinations which exhibit a smaller power suppression, i.e. �A < �AREF.

10The physical observable for Lyman-↵ forest experiments is the flux power spectrum PF(k, z), not the linear matter

power spectrum. Nonetheless, two di↵erent features of the Lyman-↵ physics suggest that the area criterion analysis

could be also quantitatively correct. Firstly, the relation between linear matter and flux power can be modeled as

PF(k, z) = b
2(k, z)P linear

1D (k, z), with b
2(k, z) being a bias factor that di↵ers very little for models reasonably close to

the standard CDM case (see e.g. [63]): this justifies the use of Eq. (C.1). Furthermore, the area criterion is motivated

by the fact that IGM peculiar velocities (typically < 100 km/s) tend to redistribute the small-scale power within a

relatively broad range of wave-numbers in the explored region [64].
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Figure 8: Here we compare the 2 and 3 � limits from the MCMC analysis (red regions), with the

2 and 3 � limits determined through the area criterion (superposed gray regions bounded by dashed

lines). All the combinations of scalar DM mass and fraction which sample the region outside the

gray contours are thus rejected by the area criterion analysis.

such that ACDM ⌘ kmax � kmin by construction.

We are now able to use the area criterion 10 that we have just outlined for constraining the DM

mass m and abundance F , in the ultralight scalar DM framework that we have examined in this

paper. In doing so, we calibrate the method by taking as references the 2 and 3 � limits on the

scalar DM mass where it constitutes all the DM content of the universe, namely the values given by

the intercepts between the 2 and 3 � contours with the F = 1 line in Fig. 1.

We have then computed the corresponding linear power spectra with the numerical Boltzmann

solver axionCAMB [25] and plugged into Eqs. (C.1) and (C.3). The resulting �AREF2� and �AREF3�

are the estimate of the small-scale power suppression with respect to standard CDM for scalar

DM models that are excluded at 2 and 3 � C.L., respectively. Thereafter, we have built a grid

in the {m, F}-space, where each grid-point is associated to a di↵erent combination of scalar DM

mass and fraction, in order to compare all the corresponding �A with �AREF and accept only those

combinations which exhibit a smaller power suppression, i.e. �A < �AREF.

10The physical observable for Lyman-↵ forest experiments is the flux power spectrum PF(k, z), not the linear matter

power spectrum. Nonetheless, two di↵erent features of the Lyman-↵ physics suggest that the area criterion analysis

could be also quantitatively correct. Firstly, the relation between linear matter and flux power can be modeled as

PF(k, z) = b
2(k, z)P linear

1D (k, z), with b
2(k, z) being a bias factor that di↵ers very little for models reasonably close to

the standard CDM case (see e.g. [63]): this justifies the use of Eq. (C.1). Furthermore, the area criterion is motivated

by the fact that IGM peculiar velocities (typically < 100 km/s) tend to redistribute the small-scale power within a

relatively broad range of wave-numbers in the explored region [64].
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Figure 4: The comparison between the constraints on the scalar DM parameter space from the Lyman-

↵ forest data analysis at 2 and 3� (red regions, see Fig. 1), and the region capable of solving the

missing satellite problem (cyan region bounded by dashed lines).

We also consider thermal warm DM models with masses in the interval between 2 and 3 keV,

which has been often discussed in the literature as a solution to the missing satellite problem.

According to the above procedure, the number of subhalos with such warm DM is obtained as

20  Nsub  60; we use these as reference values that solve the missing satellite problem. The

parameter window for (m, F ) of scalar DM that yields the same number of subhalos 20  Nsub  60

is shown in Fig. 4 as the cyan shaded area bounded by dashed lines.

The red shaded areas in Fig. 4 represent the 2 and 3� contours from the Lyman-↵ forest data

analysis, discussed in Section 2. As one can easily see from the plot, there is very little room for

simultaneously satisfying these constraints and solving the missing satellite problem.

Notice that one should actually focus on the relative suppression of Nsub with respect to the

standard CDM prediction (NCDM
sub = 158 in our analysis) rather than on the absolute values of Nsub,

as the latter is significantly sensitive to the value assumed for the MW halo mass. For instance,

a recent comprehensive dynamical analysis of redshifts and distances of 64 dwarf galaxies around

the MW has led to Mhalo = 2.8 · 1012 M� [54], which is a larger estimate for the MW halo mass

with respect to our assumption. However we remark that the position of the cyan band in Fig. 4

is insensitive to the exact value of the MW halo, because a di↵erent choice of Mhalo mainly leads

to an overall shift in Nsub for all CDM, warm DM, and scalar DM cases. This is seen from the

Mhalo-dependence of Eq. (4.1), and we have also checked this by iterating the same analysis with

di↵erent input values for Mhalo. Hence our analysis is robust to uncertainties in the MW halo mass.

12

increase in the final axion DM density due to a delayed onset of the scalar oscillation [42, 43], and (ii) a

significant enhancement of the axion isocurvature due to a nonuniform onset of the oscillation, giving

much stronger bounds on the inflation scale [44, 45, 46]. We also note that, besides such anharmonic

initial conditions, a time-dependent m (e.g. of the QCD axion) or fa (e.g. [34, 37, 38, 39, 40, 41])

can also modify the cosmological evolution of the axion.

4 Implications for the Number of Milky Way Satellites

In this Section we discuss the astrophysical implications of an ultralight scalar DM scenario: the

possibility, in this framework, of alleviating the “small-scale crisis” of the standard CDM paradigm.

In particular, we focus on the well known missing satellite problem [47, 48].

It is nowadays well established that DM models described by suppressed matter power spectra

may be able to relax the tensions present in the standard CDM context at sub-galactic scales, i.e. the

discrepancy between the observed number of dwarf galaxies within the Milky Way (MW) virial radius

and the number of MW substructures predicted by cosmological N -body simulations, assuming the

standard CDM model. Current analyses claim, for instance, that thermal warm DM candidates

with masses between 2 and 3 keV can induce a suppression in the corresponding matter power

spectra such that this tension vanishes or is greatly reduced (e.g., [49, 50]). It is thus interesting to

investigate the implications of our scenario at sub-galactic scales, in order to check if the (m, F )-

combinations which have been found to be in agreement with Lyman-↵ forest data are also capable

of solving/alleviating the missing satellite problem.

An accurate calculation of the number of substructures Nsub with ultralight scalar DM would

require high-resolution N -body simulations, which is beyond the scope of this paper. Here we instead

make a rough estimate of Nsub using the following analytical expression for the number of subhalos,

dNsub

dMsub
=

1

44.5

1

6⇡2

Mhalo

M
2
sub

P (1/Rsub)

R
3
sub

p
2⇡(Ssub � Shalo)

, (4.1)

which was introduced in [51, 52] based on the conditional mass function normalized to the N -body

simulation results.6 Here Rsub, Msub and Ssub are radius, mass and variance of a given subhalo,

while Mhalo and Shalo are the mass and the variance of the main halo, defined as follows:

Si =
1

2⇡2

1/RiZ

0

dk k
2
P (k), Mi =

4⇡

3
⌦m⇢c(cRi)

3
, c = 2.5, (4.2)

with P (k) being the linear power spectrum of a given model computed at redshift z = 0, and ⇢c the

critical density today.

Assuming a MW halo mass Mhalo = 1.7 · 1012 M�/h [53] and considering subhalos with masses

Msub � 108 M�/h, we can now obtain the number of subhalos Nsub predicted by di↵erent param-

eterizations of the scalar DM scenario (i.e. by di↵erent combinations of m and F ). This is done

simply by integrating Eq. (4.1).

6Notice that the use of this procedure is supported by the recent analysis performed in Ref. [30], where the accuracy

of the theoretical predictions (Eq.(4.1)) has been checked against a large suite of N -body simulations.
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The SFDM cannot be the DM 
and solve the missing problem 

at the same time!
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Shows dark matter density (left) transitioning to gas density (right). 
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ABSTRACT

A bosonic dark matter model is examined in detail via high-resolution simulations. These bosons have particle
mass of the order of 10−22 eV and are noninteracting. If they do exist and can account for structure formation,
these bosons must be condensed into the Bose–Einstein state and described by a coherent wave function. This
matter, also known as fuzzy dark matter, is speculated to be able, first, to eliminate the subgalactic halos to solve
the problem of overabundance of dwarf galaxies, and, second, to produce flat halo cores in galaxies suggested
by some observations. We investigate this model with simulations up to 10243 resolution in a 1 h−1 Mpc box
that maintains the background matter density Ωm = 0.3 and ΩΛ = 0.7. Our results show that the extremely
light bosonic dark matter can indeed eliminate low-mass halos through the suppression of short-wavelength
fluctuations, as predicted by the linear perturbation theory. But in contrast to expectation, our simulations yield
singular cores in the collapsed halos, where the halo density profile is similar, but not identical, to the Navarro–
Frenk–White profile. Such a profile arises regardless of whether the halo forms through accretion or merger.
In addition, the virialized halos exhibit anisotropic turbulence inside a well-defined virial boundary. Much like
the velocity dispersion of standard dark matter particles, turbulence is dominated by the random radial flow
in most part of the halos and becomes isotropic toward the halo cores. Consequently, the three-dimensional
collapsed halo mass distribution can deviate from spherical symmetry, as the cold dark matter halo does.

Key words: dark matter – Galaxy: structure – large-scale structure of universe

Online-only material: color figures

1. INTRODUCTION

Observations of low surface brightness galaxies and dwarf
galaxies indicate that the cores of galactic halos have shallow
density profiles (Dalcanton et al. 1997; Swaters et al. 2000)
instead of central cusps predicted by cold dark matter (CDM;
Navarro et al. 1997). In addition, the number density of
dwarf galaxies in Local Group turns out to be an order of
magnitude fewer than that produced by CDM simulations
(Klypin et al. 1999). These two features cast doubt on the validity
of standard CDM. There have been at least three different
solutions proposed to resolve these problems: (1) warm dark
matter, (2) collisional dark matter, and (3) fuzzy dark matter.

Warm dark matter can suppress small-scale structures by free
streaming. It seems to be able to both solve the overabundance
problem of dwarf galaxies and the singular core problem. In
this model, the flat core is embedded within a radius a couple of
percents of the virial radius (Jing 2001; Colins et al. 2008), and
the core smoothly connects to the Navarro–Frenk–White (NFW)
profile (Navarro et al. 1997) outside. However, this modification
may generally adversely affect structures of somewhat larger
scales (Hu et al. 2000), despite that fine tuning of the thermal
velocity of dark matter particles may still be able to have the
larger scale structures consistent with observations (Abazajian
2006; Viel et al. 2008).

For collisional dark matter, the halo core can be flattened and
dwarf galaxies destroyed, and N-body simulations confirm this
conjecture (Spergel & Steinhardt 2000). But simulations also
show that very frequent collisions can yield even more singular
cores than the standard collisionless CDM does (Yoshida et al.
2000). This opposite behavior is indicative of the requirement
of fine tuning for collisional parameters.

The third solution to the problem is to treat dark matter
as an extremely light bosonic dark matter (ELBDM) or fuzzy
dark matter (Press & Ryden 1990; Sin 1994; Hu et al. 2000).
Axion has been thought to be a candidate of light bosonic
dark matter. But for the light dark matter to erase the singular
galactic core and suppresses low-mass halos, the particle mass
must be far smaller than axion (m ∼ 10−22 eV), so low that
the uncertainty principle operates on the astronomical length
scale. Much like axions, the ELBDM is in a Bose–Einstein
condense state produced in the early universe. These extremely
light particles share the common ground state and is described
by a single coherent wave function. Its de-Broglie wavelength
is comparable to or even somewhat smaller than the Jean’s
length (Davies & Widrow 1997), where the quantum fluctuation
provides effective pressure against self-gravity.

Several previous works have pondered on such an idea or
its variance (Sin 1994; Hu et al. 2000; Siddhartha & Uréna-
López 2003), in which the wave mechanics is described by the
Schrödinger–Poisson equation with Newtonian gravity or by the
Klein–Gordon equation with gravity. The Schrödinger–Poisson
system addresses the scale-free regime of quantum mechanics,
where the Jean’s length is a dynamical running parameter. On the
other hand, the Klein–Gordon system makes use of the Comp-
ton wavelength as a natural length scale to create the flat core in
a halo. Widrow and Kaiser conducted simulations for the two-
dimensional Schrödinger–Poisson system to approximate the
standard collisionless cold dark matter (Widrow & Kaiser 1993).
In the two-dimensional case, the 1/r gravitational potential is
replaced by log(r), and the two-dimensional force law in their
simulation becomes of longer range than it actually is in three
dimensions. Due to the lack of three-dimensional numerical sim-
ulations, some authors resort to spherical symmetry (Sin 1994;

850

SFDM: INHOMOGENEOUS
NON-LINEAR AND NON-RELATIVISTIC

No. 1, 2009 EXTREMELY LIGHT BOSONIC DARK MATTER 851

Siddhartha & Uréna-López 2003) or even one-dimensional (Hu
et al. 2000) to study this problem. These simplifications may
not capture what actually results in a three-dimensional system
with realistic initial conditions. In particular, the existence of a
flattened core has been derived or inferred from these previous
works of one-dimensional system or with spherical symmetry.
In this paper, we report high-resolution fully three-dimensional
simulations for this problem. Surprisingly, our simulations re-
veal that the singular cores of bound objects remain to exist even
when the core size is much smaller than the Jean’s length.

In Section 2, we provide an explanation for the possible
existence of the Bose–Einstein state for the extremely low
mass bosons under investigation here. We then discuss two
different representations of ELBDM and the evolution of linear
perturbations for the two representations. In Section 3, the
numerical scheme and initial condition are described. We
present the simulation results in Section 4. In Section 5, we
look into the physics of collapsed cores with detailed analyses
from different perspectives. Finally, the conclusion is given in
Section 6. In the Appendix, we present results of one- and two-
dimensional simulations and demonstrate that singular cores do
not occur in one- and two-dimensional cases.

2. THEORY

2.1. Bose–Einstein Condensate

A Bose–Einstein condensate (BEC) is a state of bosons cooled
to a temperature below the critical temperature. BEC happens
after a phase transition where a large fraction of particles
condense into the ground state, at which point quantum effects,
such as interference, become apparent on a macroscopic scale.
The critical temperature for a gas consisting of noninteracting
relativistic particles is given by (Burakovsky & Horwitz 1996)

Tc ∼
!nch

3m

"1/2
, (1)

where the Boltzmann’s constant and speed of light have been
set to unity. Given the extremely low particle mass assumed
here, Tc is derived from the relativistic Bose–Einstein particle–
antiparticle distribution with the chemical potential set to
particle mass m. Here, the “charge” density nch ≡ n+ − n−,
where n+ and n− are the number densities of particles and
antiparticles in excited states. On the other hand, we have
nch ∼ (m/T )n+, and it follows that Tc ∼

#
n+
3T

$1/2. Note that
n+ scales as a−3 and T as a−1, and it follows Tc scales as
a−1. It means that when T is below Tc at some time after a
phase transition, the temperature will remain subcritical in any
later epoch. As an estimate, if we assume 1% of ELBDM to
be in the excited states after its decoupling, the current critical
temperature becomes

Tc = 3 × 10−14
! m

eV

"−1/2
%

T

eV

&−1/2

eV. (2)

Substituting m ∼ 10−22 eV and T ∼ 10−4 eV, the same as
the present photon temperature, we find that the current critical
temperature Tc = 0.3 eV ≫ T . Hence ELBDM, if exists and
accounts for the dark matter, may very well be in the BEC
state ever since a phase transition in the early universe. Despite
ELBDM particles in the excited state are with a relativistic
temperature, almost all particles are in the ground state and
described by a single nonrelativistic wave function.

2.2. Basic Analysis

The Lagrangian of nonrelativistic scalar field in the comoving
frame is

L = a3

2

'
ih̄

%
ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t

&
+

h̄2

a2m
(∇ψ)2 − 2mV ψ2

(
,

(3)
and the equation of motion for this Lagrangian gives a modified
form of Schrödinger’s equation (Siddhartha & Uréna-López
2003):

ih̄
∂ψ

∂t
= − h̄2

2a2m
∇2ψ + mV ψ, (4)

where ψ ≡ φ(n0/a
3)−1/2 with φ being the ordinary wave

function, n0 the present background number density, and V is
the self-gravitational potential obeying the Poisson equation,

∇2V = 4πGa2δρ = 4πG

a
ρ0(|ψ |2 − 1). (5)

The only modification to the conventional Schrödinger–Poisson
equation is the appearance a−1 associated with the comoving
spatial gradient ∇, and the probability density |ψ |2 to be
normalized to the background proper density ρ/m. In the above,

ρ0 ≡ 3H 2
0

8πG
Ωm = mn0 (6)

is the background mass density of the universe.
To explore the nature of the ELBDM, we first adopt the

hydrodynamical description to investigate its linear evolution.
This approach is not only more intuitive than the wave function
description, its advantage will also become apparent later. Let
the wave function be

ψ =
)

n

n0
ei S

h̄ , (7)

where n = n̄a3, the comoving number density and n̄ is
the proper number density. The quadrature of Schrödinger’s
equation can be split into real and imaginary parts, which
become the equations of acceleration and density separately,

∂

∂t
v +

1
a2

v · ∇v +
∇V

m
− h̄2

2m2a2
∇

%∇2√n√
n

&
= 0 (8)

∂n

∂t
+

1
a2

∇ · (nv) = 0, (9)

where v ≡ ∇S/m is the fluid velocity. There is a new term
depending on the third-order spatial derivative of the wave
amplitude

√
n in the otherwise cold-fluid force equation. This

term results from the “quantum stress” that acts against gravity,
and it can be cast into a stress tensor in the energy and
momentum conservation equation (Chiueh 1998, 2000). The
quantum stress becomes effective only when the spatial gradient
of the structure is sufficiently large.

The fluid equations, Equations (5), (8), and (9), are linearized
and combined to yield

∂

∂t
a2 ∂

∂t
δn − 3H0

2Ωm

2a
δn +

h̄2

4m2a2
∇2∇2δn = 0. (10)

Upon spatially Fourier transforming δn, it follows

d

dt
a2 dnk

dt
−

%
3H0

2Ωm

2a

&
nk +

h̄2k4

4m2a2
nk = 0, (11)

Newtonian version
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Figure 1: Comparison of cosmological large-scale structures formed by standard CDM and by wave-
like dark matter, ψDM. Panel (a) shows the structure created by evolving a single coherent wave function
for ΛψDM calculated on AMR grids. Panel (b) is the structure simulated with a standard ΛCDM N-body
code GADGET-212 for the same cosmological parameters, with the high-k modes of the linear power spec-
trum intentionally suppressed in a way similar to the ψDMmodel to highlight the comparison of large-scale
features. This comparison clearly demonstrates that the large scale distribution of filaments and voids is in-
distinguishable between these two completely different calculations, as desired given the success of ΛCDM
in describing the observed large scale structure. ψDM arises from the low momentum state of the conden-
sate so that it is equivalent to collisionless CDM well above the Jeans scale.

CDM, including the surprising uniformity of their
central masses,M(< 300 pc)≃ 107 M⊙, and shallow
density profiles1–4. In contrast, galaxies predicted by
CDM extend to much lower masses, well below the
observed dwarf galaxies, with steeper, singular mass
profiles5–7. Adjustments to standard CDM address-
ing these difficulties consider particle collisions16, or
warm dark matter (WDM)17. WDM can be tuned to
suppress small scale structures, but does not provide
large enough flat cores18, 19. Collisional CDM can
be adjusted to generate flat cores, but cannot sup-
press low mass galaxies without resorting to other
baryonic physics20. Better agreement is expected
for ψDM because the uncertainty principle coun-
ters gravity below a Jeans scale, simultaneously sup-
pressing small scale structures and limiting the cen-
tral density of collapsed haloes8, 9.

Detailed examination of structure formation
with ψDM is therefore highly desirable, but, un-
like the extensive N-body investigation of standard

CDM, no sufficiently high resolution simulations of
ψDM have been attempted. The wave mechanics
of ψDM can be described by Schrödinger’s equa-
tion, coupled to gravity via Poisson’s equation13
with negligible microscopic self-interaction. The dy-
namics here differs from collisionless particle CDM
by a new form of stress tensor from quantum un-
certainty, giving rise to a comoving Jeans length,
λJ ∝ (1+ z)1/4m−1/2

B , during the matter-dominated
epoch15. The insensitivity of λJ to redshift, z, gener-
ates a sharp cutoff mass below which structures are
suppressed. Cosmological simulations in this con-
text turn out to be much more challenging than stan-
dard N-body simulations as the highest frequency
oscillations, ω , given approximately by the matter
wave dispersion relation, ω ∝ m−1

B λ−2, occur on the
smallest scales, requiring very fine temporal resolu-
tion even for moderate spatial resolution (see Sup-
plementary Fig. S1). In this work, we optimise
an adaptive-mesh-refinement (AMR) scheme, with

2

?? ??

Schive, Chiueh, Broadhurst, Nature Physics 10, 496–499 (2014) 
Schive et al, Phys.Rev.Lett. 113 (2014) no.26, 261302
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Figure 1: Comparison of cosmological large-scale structures formed by standard CDM and by wave-
like dark matter, ψDM. Panel (a) shows the structure created by evolving a single coherent wave function
for ΛψDM calculated on AMR grids. Panel (b) is the structure simulated with a standard ΛCDM N-body
code GADGET-212 for the same cosmological parameters, with the high-k modes of the linear power spec-
trum intentionally suppressed in a way similar to the ψDMmodel to highlight the comparison of large-scale
features. This comparison clearly demonstrates that the large scale distribution of filaments and voids is in-
distinguishable between these two completely different calculations, as desired given the success of ΛCDM
in describing the observed large scale structure. ψDM arises from the low momentum state of the conden-
sate so that it is equivalent to collisionless CDM well above the Jeans scale.

CDM, including the surprising uniformity of their
central masses,M(< 300 pc)≃ 107 M⊙, and shallow
density profiles1–4. In contrast, galaxies predicted by
CDM extend to much lower masses, well below the
observed dwarf galaxies, with steeper, singular mass
profiles5–7. Adjustments to standard CDM address-
ing these difficulties consider particle collisions16, or
warm dark matter (WDM)17. WDM can be tuned to
suppress small scale structures, but does not provide
large enough flat cores18, 19. Collisional CDM can
be adjusted to generate flat cores, but cannot sup-
press low mass galaxies without resorting to other
baryonic physics20. Better agreement is expected
for ψDM because the uncertainty principle coun-
ters gravity below a Jeans scale, simultaneously sup-
pressing small scale structures and limiting the cen-
tral density of collapsed haloes8, 9.

Detailed examination of structure formation
with ψDM is therefore highly desirable, but, un-
like the extensive N-body investigation of standard

CDM, no sufficiently high resolution simulations of
ψDM have been attempted. The wave mechanics
of ψDM can be described by Schrödinger’s equa-
tion, coupled to gravity via Poisson’s equation13
with negligible microscopic self-interaction. The dy-
namics here differs from collisionless particle CDM
by a new form of stress tensor from quantum un-
certainty, giving rise to a comoving Jeans length,
λJ ∝ (1+ z)1/4m−1/2

B , during the matter-dominated
epoch15. The insensitivity of λJ to redshift, z, gener-
ates a sharp cutoff mass below which structures are
suppressed. Cosmological simulations in this con-
text turn out to be much more challenging than stan-
dard N-body simulations as the highest frequency
oscillations, ω , given approximately by the matter
wave dispersion relation, ω ∝ m−1

B λ−2, occur on the
smallest scales, requiring very fine temporal resolu-
tion even for moderate spatial resolution (see Sup-
plementary Fig. S1). In this work, we optimise
an adaptive-mesh-refinement (AMR) scheme, with
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3

FIG. 1: Density profiles of ψDM halos. Dashed lines with
various opened symbols show five examples at different red-
shifts between 12 ≥ z ≥ 0. The DM density is normalized to
the cosmic background density. A distinct core forms in ev-
ery halo as a gravitationally self-bound object, satisfying the
redshift-dependent soliton solution (solid lines) upon proper
λ scaling. Filled diamonds show an example from the soli-
ton collision simulations renormalized to the comoving coor-
dinates at z = 0. The same z = 8 halo in a CDM simulation
(filled squares) fit by an NFW profile (dot-dashed line) is also
shown for comparison.

(4πx3
vir/3)ζ(z)ρm0, where xvir is the comoving virial

radius and ζ(z) ≡ (18π2 + 82(Ωm(z)− 1)− 39(Ωm(z) −
1)2)/Ωm(z) ∼ 350 (180) at z = 0 (z ≥ 1) [44]. Note
that this definition of virial mass is the same as that for
CDM. This is because once an object exceeds the Jeans
mass on its way to collapse, the dynamics is almost
identical to the cold collapse, for which the Eikonal
approximation of wave dynamics to particle dynamics
holds until virialization takes place. Figure 2 shows this
scaling relation over three orders of magnitude in halo
mass from 108 to 1011 M⊙. We demonstrate the redshift
evolution by showing coalescence of the core-halo mass
relations of halos at five different epochs between
10 > z > 0 as well as the evolutionary trajectory of a
single halo. The deviation of the core mass from Eq. (4)
is less than a factor of two.

To understand this core-halo mass relation, we further
conduct a set of controlled numerical experiments, where
multiple solitons are initially placed randomly with zero
velocity and start to merge until the systems relax. Soli-
tons are chosen as a convenient initial condition for their
stability. Here we assume a = const. and zero back-
ground density. We would like to know whether the core-

FIG. 2: Core-halo mass relation. Different filled symbols show
halos at different epochs, while the open circles trace the evo-
lution of one halo. Dashed line shows the analytical prediction
given by Eq. (6) (see text for details).

halo configuration still persists in a different setting from
cosmological structure formation, and if so, we want to
ascertain what factors determine the soliton scale among
the infinite number of self-similar solutions. Intuitively,
one expects that the final relaxed state should lose the
memory of its initial configuration and thus depends only
on the globally conserved quantities, namely, the total
mass M and energy E (assuming there is no net angular
momentum). We conduct 29 runs in total with differ-
ent initial conditions of various M and E. For the same
M and E, we repeat runs with different realizations, in-
cluding different initial soliton numbers ranging from 4
to 128, different soliton sizes and initial positions. Figure
3 shows one example of the soliton collision simulations.
The AMR scheme is again adopted in order to achieve
sufficient resolution everywhere; in particular, we ensure
that every soliton is well resolved with at least ∼ 104 cells
and verify that M and E remain conserved with at most
a few percent error in all simulations.

The resulting relaxed structures that form in these soli-
ton collision experiments are always found to consist of a
halo and a solitonic core (see Fig. 1 and panel (d) of Fig.
3), similar to the results of cosmological simulations. The
core profiles satisfy the λ scaling and the halo profiles are
close to NFW. This result establishes that the core-halo
configuration is a generic structure of ψDM in virialized
gravitational equilibrium.

More importantly, as shown in Fig. 4, the core mass
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Figure 1: Comparison of cosmological large-scale structures formed by standard CDM and by wave-
like dark matter, ψDM. Panel (a) shows the structure created by evolving a single coherent wave function
for ΛψDM calculated on AMR grids. Panel (b) is the structure simulated with a standard ΛCDM N-body
code GADGET-212 for the same cosmological parameters, with the high-k modes of the linear power spec-
trum intentionally suppressed in a way similar to the ψDMmodel to highlight the comparison of large-scale
features. This comparison clearly demonstrates that the large scale distribution of filaments and voids is in-
distinguishable between these two completely different calculations, as desired given the success of ΛCDM
in describing the observed large scale structure. ψDM arises from the low momentum state of the conden-
sate so that it is equivalent to collisionless CDM well above the Jeans scale.

CDM, including the surprising uniformity of their
central masses,M(< 300 pc)≃ 107 M⊙, and shallow
density profiles1–4. In contrast, galaxies predicted by
CDM extend to much lower masses, well below the
observed dwarf galaxies, with steeper, singular mass
profiles5–7. Adjustments to standard CDM address-
ing these difficulties consider particle collisions16, or
warm dark matter (WDM)17. WDM can be tuned to
suppress small scale structures, but does not provide
large enough flat cores18, 19. Collisional CDM can
be adjusted to generate flat cores, but cannot sup-
press low mass galaxies without resorting to other
baryonic physics20. Better agreement is expected
for ψDM because the uncertainty principle coun-
ters gravity below a Jeans scale, simultaneously sup-
pressing small scale structures and limiting the cen-
tral density of collapsed haloes8, 9.

Detailed examination of structure formation
with ψDM is therefore highly desirable, but, un-
like the extensive N-body investigation of standard

CDM, no sufficiently high resolution simulations of
ψDM have been attempted. The wave mechanics
of ψDM can be described by Schrödinger’s equa-
tion, coupled to gravity via Poisson’s equation13
with negligible microscopic self-interaction. The dy-
namics here differs from collisionless particle CDM
by a new form of stress tensor from quantum un-
certainty, giving rise to a comoving Jeans length,
λJ ∝ (1+ z)1/4m−1/2

B , during the matter-dominated
epoch15. The insensitivity of λJ to redshift, z, gener-
ates a sharp cutoff mass below which structures are
suppressed. Cosmological simulations in this con-
text turn out to be much more challenging than stan-
dard N-body simulations as the highest frequency
oscillations, ω , given approximately by the matter
wave dispersion relation, ω ∝ m−1

B λ−2, occur on the
smallest scales, requiring very fine temporal resolu-
tion even for moderate spatial resolution (see Sup-
plementary Fig. S1). In this work, we optimise
an adaptive-mesh-refinement (AMR) scheme, with
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FIG. 3: Snapshots of a soliton collision simulation. Panels
(a)-(c) show the projected density distribution at the initial
and intermediate stages, and panel (d) shows a close-up of
the conspicuous solitonic core at the final stage. Fluctuating
density granules resulting from the quantum wave interfer-
ence appear everywhere and have a size similar to the central
soliton.

halo configuration still persists in a different setting from
cosmological structure formation, and if so, we want to
ascertain what factors determine the soliton scale among
the infinite number of self-similar solutions. Intuitively,
one expects that the final relaxed state should lose the
memory of its initial configuration and thus depends only
on the globally conserved quantities, namely, the total
mass M and energy E (assuming there is no net angular
momentum). We conduct 29 runs in total with differ-
ent initial conditions of various M and E. For the same
M and E, we repeat runs with different realizations, in-
cluding different initial soliton numbers ranging from 4
to 128, different soliton sizes and initial positions. Figure
3 shows one example of the soliton collision simulations.
The AMR scheme is again adopted in order to achieve
sufficient resolution everywhere; in particular, we ensure
that every soliton is well resolved with at least ∼ 104 cells
and verify that M and E remain conserved with at most
a few percent error in all simulations.

The resulting relaxed structures that form in these soli-
ton collision experiments are always found to consist of a
halo and a solitonic core (see Fig. 1 and panel (d) of Fig.
3), similar to the results of cosmological simulations. The
core profiles satisfy the λ scaling and the halo profiles are
close to NFW. This result establishes that the core-halo
configuration is a generic structure of ψDM in virialized

gravitational equilibrium.
More importantly, as shown in Fig. 4, the core mass

follows the relation

M ′
c = α(|E′|/M ′)1/2. (5)

Here the total kinetic energy, potential energy and mass
are defined in the primed (redshift-independent) coor-
dinates as E′

k ≡ 1
2

!

|∇′ψ′|2d3x′, E′
p ≡ 1

2

!

|ψ′|2V ′d3x′,
M ′ ≡

!

|ψ′|2d3x′, and α is a dimensionless constant close
to unity. The physical foundation of this relation can be
appreciated as follows. The RHS represents the halo ve-
locity dispersion, σ′

h, and on the LHS the λ scaling de-

mands that M ′
c ∼ x′−1

c , the inverse soliton size. Accord-
ingly, Eq. (5) relates the soliton size to the halo veloc-
ity dispersion through the uncertainty principle, where
x′
cσ

′
h ∼ 1. This result is non-trivial in that the uncer-

tainty principle is originally a local relation, but here it is
found to hold non-locally, relating a core (local) property
to a halo (global) property. The non-local uncertainty
principle reveals itself in panel (d) of Fig. 3. The inverse
halo velocity dispersion is manifested by the size of halo
density granules, and the fact that the halo granule size
is close to the soliton size provides another perspective
to view the finding of Eq. (5). Eigenmode decomposi-
tion of the core-halo system can help our understanding
of the detailed physics underlying this quantum “ther-
malization”, and it will be presented in a separate work
(Wong et al., in preparation).
We are now in a position to understand the physical

meaning of the empirical Eq. (4). In the structure for-
mation simulations, we verify that halos at different red-
shifts all conform to Eq. (5) by taking E′ and M ′ as the
rescaled halo energy (E′

h) and virial mass (M ′
h). Adopt-

ing the virial condition in the spherical collapse model
|E′

h| = |E′
p|/2 ∼ 3M

′2
h /10x′

vir and retrieving the redshift

dependence then give Mc = α(3Mh/10xvir)1/2a−1/2. Fi-
nally, solving xvir as a function ofMh using the definition
of virial mass given immediately after Eq. (4) yields the
expected core-halo mass relation

Mc =
1

4
a−1/2

"

ζ(z)

ζ(0)

#1/6 " Mh

Mmin,0

#1/3

Mmin,0, (6)

whereMmin,0 = 375−1/432πζ(0)1/4ρm0(H0mψ/!)−3/2Ω−3/4
m0

∼ 4.4×107m−3/2
22 M⊙. Here m22 ≡ mψ/10−22 eV and we

have taken α = 1 and typical values for the cosmological
parameters. Eq. (6) is consistent with Eq. (4) apart
from an additional slowly varying factor ζ(z)1/6. The
physical core radius, rc = axc, is inversely proportional
to Mc and can be expressed as

rc = 1.6 m−1
22 a

1/2

"

ζ(z)

ζ(0)

#−1/6 " Mh

109 M⊙

#−1/3

kpc.

(7)
The smallest halo should be close to a single isolated

soliton, with a wide core and a steeper outer gradient.

Schive et al, Phys.Rev.Lett. 113 (2014) no.26, 261302 
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⇢(r) =
⇢s

(1 + r2/r2s)
8

4 Alma X. Gonzalez-Morales et al

where rsol is the characteristic radius of the soliton core, and
⇢sol the central density. The soliton density and radius are
related by the axion mass, ma (Ru�ni & Bonazzola 1969;
Schive et al. 2014a,b, MP15)3

rsol =


⇢sol

2.42⇥ 109 M�kpc�3

⇣
ma

10�22eV

⌘2
��0.25

kpc . (6)

The parameters corresponding to the external profile
(NFW) are ⇢nfw and the scale radius rs. The radius r✏ is
the transition radius from the soliton (inner) to the NFW
profile (external).

We fix the matching radius between the profiles by the
density ratio, ✏, and in turn use this to fix the NFW char-
acteristic density by continuity:

⇢sol⇥
1 + (r✏/rsol)

2⇤8 = ✏⇢sol =
⇢nfw

(1 + r✏/rs)
2 (r✏/rs)

, (7)

We can now rewrite the density profile in the form

⇢(r) = ⇢sol

8
>>>><

>>>>:

1

[1 + (r/rsol)2]
8 for r < r✏

�NFW

(1 + r/rs)
2 (r/rs)

for r > r✏

. (8)

where

r✏ = rsol(✏
�1/8 � 1)1/2 , (9)

and

�NFW = ✏

"
r✏

rs

✓
1 +

r✏

rs

◆2
#
. (10)

With this form we can see that the density profile is
fully determined once we fix the set of physical parameters:
ma[eV], ⇢sol[M�kpc

�3], ✏ and rs[kpc]. Notice that relation
(6) implies that only two of the three parameters that de-
fines de soliton, ma, ⇢sol and rsol, are actually independent.
In this work we are assuming that there is a universal DM
density profile and dSph’s galaxies have not been a↵ected
on by barionic feedback. Under such assumptions we can
set ma to be a universal free parameter in our analysis. We
now have some freedom to choose between ⇢sol and rsol to
be the other free parameter. We decided to use ⇢sol only
because the prior range can be set more intuitively, but as
we will show in section 4.2.1 this choice do not a↵ect the
results. As we defined the axion mass as a universal parame-
ter, common to all halos, this is essentially a three parameter
halo model, with ✏ the additional parameter over a canoni-
cal NFW profile. There is no definite theoretical prediction

3 The soliton profile is an equilibrium configuration that is nu-
merically obtained from the so-called Schrodinger-Poisson (SP)
system (Ru�ni & Bonazzola 1969; Schive et al. 2014a; Guzman
& Urena-Lopez 2004), and the expression in Eq. (5) is a quite
good fitting formula to the numerical solution. Here we are fol-
lowing the notation in MP15, but also see (Schive et al. 2014b)
for an alternative formula. From the original solution of the SP
system, the parameters of the soliton profile are explicitly given
by: rsol = (0.23ma�)�1, and ⇢sol = m2

Plm
2
a�

4, where mPl is the
Planck mass, and � < 10�3 is a scaling parameter (more details
can be found in (Ru�ni & Bonazzola 1969; Guzman & Urena-
Lopez 2004)). Eq. (6) is then obtained from the aforementioned
expressions when they are combined together to eliminate �.

on how to set the matching radius r✏, though it is expected
to be of order the de Broglie wavelength of the ULA. In
the simulations of (Schive et al. 2014a) the transition typi-
cally occurs for ✏ ⇠ 10�2, with a small redshift dependence.
In (Schive et al. 2014b; Schwabe et al. 2016; Veltmaat &
Niemeyer 2016), soliton mergers are observed to lead to a
core-halo mass relationship that in principle determines ✏

(though details of the results di↵er somewhat). In practice
using a core-halo mass relationship is not e�cient for MCMC
analysis (as it involves solving an additional integral equa-
tion), and so in the present work we take ✏ as a free param-
eter in each galaxy.4 In this model the connection between
the galactic dynamics and the properties of DM, i.e. the par-
ticle mass, is explicit and once we fix the particle mass by
any means it must be the same for all the di↵erent galaxies
in the Universe. On the other hand, the density profile de-
pends on another three parameters that are free to change
from galaxy to galaxy. Our expectation is that, observation-
ally at least, ✏ could be correlated with other properties of
the cosmological model (e.g. structure formation history), or
with the other free parameters of the halo (central density
and scale radius). Furthermore, the scaling properties of the
soliton suggest ✏ may be independent of the axion mass. In
the case that all parameters were constrained by the data,
one could then use the inferred posteriors to test consistency
with the theoretical core-halo mass relationship and check
the consistency of the inferred dSph density profiles with
the formation history in simulations. Since this is not the
case, we consider it prudent to simply marginalize over the
unconstrained degrees of freedom, and focus on constraints
to the axion mass.

It is important to state that the purpose of the present
work is not to compare the profile in Eq. (8) with other halo
models in the literature, but rather to use dSph dynamics
to investigate the parameters of the ULA scenario and test
its consistency as an explanation for dSph cores.

3.2 Dwarf spheroidal internal dynamics

Walker et al. (2009b); Walker et al. (2007); Mateo et al.
(2008); Walker et al. (2009a) reported empirical velocity dis-
persion profiles for the eight “classical” dSphs of the Milky
Way: Carina, Draco, Fornax, Leo I, LeoII, Sculptor, Sex-
tans, and Ursa Minor. Our study extends previous analy-
ses carried out for the generalized Hernquist (Walker et al.
2009b), Burkert (Salucci et al. 2012) and Bose-Einstein con-
densate (Diez-Tejedor et al. 2014) profiles for the DM halo
model in Eq. (8). These studies find that all these types
of profile provide good fits to the data. This is due to the
strong degeneracy between the mass density profile and the
anisotropy of the velocity dispersion. Here we will apply
standard methodologies to generate mock data, which re-
veals that without proper knowledge of the true anisotropy,
or the true density profile, the use of Jeans analysis leads to
biased constraints on the model parameters.

Assuming a constant orbital anisotropy, �(r) = const,
the (observed) projection of the velocity dispersion along
the line-of-sight, �

2
los(R), relates the mass profile, M(r),

4 Note that we choose to work with ✏, instead of r✏, simply be-
cause we have a better intuition for the prior: 0¡ ✏ ¡1 in Eq. (9).
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THE MASS-ACCELERATION 
DISCREPANCY RELATION
• The rotation curves of galaxies 

seem to follow a simple law 
regarding the gravitational 
accelerations 

• The new law seems to agree 
with a MOND-ian point of view

JAM models may have overestimated the true circular velocity
(as discussed in Section 5.1). NGC3998 exemplifies the
remaining ∼30%: both IFU and H I measurements are not
reproduced within 1σ,but there are systematic shifts. This may
be accounted for by changing the distance, inclination, or �¡ .

In general, we predict that the rotation curves of ETGs
should rise quicklyin the central regions, decline at inter-
mediate radii, and flatten in the outer parts. The difference
between peak and flat rotation velocities can be ∼20%, for
example, 50 kms−1 for galaxies with �V 250max km s−1. This
is analogous to bulge-dominated spirals (Casertano & van
Gorkom 1991; Noordermeer et al. 2007). Similar conclusions
are drawn by Serra et al. (2016).

6. Radial Acceleration Relation for
Dwarf Spheroidal Galaxies

6.1. General Results for dSphs

We now investigate the location of dSphs on the radial
acceleration relation. For these objects, we have only one
measurement per galaxy near the half-light radii, assuming
spherical symmetry and dynamical equilibrium (see Section 2.3).
These data are compiled in Appendix B.

In Figure 10 (left), we plot all available data. Large symbols
indicate the “classical” satellites of the MW (Carina, Draco,
Fornax, Leo I, Leo II, Sculptor, Sextans, and Ursa Minor) and
Andromeda (NGC147, NGC 185, NGC 205, And I, And II,
And III, AndV, AndVI, and AndVII). Classical dSphs follow
the same relation as LTGs within the errors. The brightest satellites
of Andromeda adhere to the relation at ( )1 1- -g11 log 10bar ,
which are typically found in the outer parts of high-mass HSB
disks or in the inner parts of low-mass LSB disks (see Figure 4,

bottom). Similarly, the brightest satellites of the MW overlap with
LSB disks at ( )1 1- -g12 log 11bar .
In Figure 10 (left), small symbols show the “ultrafaint”

dSphs. They seem to extend the relation by a further ∼2 dex in
gbar but display large scatter. These objects, however, have
much less accurate data than other galaxies. Photometric
properties are estimated using star counts, after candidate stars
are selected using color–magnitude diagrams and template
isochrones. Velocity dispersions are often based on few stars
and may be systematically affected by contaminants (Walker
et al. 2009c), unidentified binary stars (McConnachie &
Côté 2010), and out-of-equilibrium kinematics (McGaugh &
Wolf 2010). Differences of a few kms−1 in �s would
significantly impact the location of ultrafaint dSphs on the
plot. Hence, the shape of the radial acceleration relation at

( ) 1 -glog 12bar remains very uncertain.

6.2. Ultrafaint dSphs: ALow-acceleration Flattening?

As an attempt to constrain the low-acceleration shape of the
relation, we apply three quality criteria.

1. The velocity dispersion is measured using more than
eightstars to avoid systematics due to binary stars and
velocity outliers (see Appendix A.3 of Collins et al.
2013). This removes eightsatellites (fourof the MW and
fourof M31).

2. The observed ellipticities are smaller than 0.45 to ensure
that a spherical model (Equations (6) and (7)) is a
reasonable approximation. This removes 15 satellites
(eightof the MW and sevenof M31).

3. The tidal field of the host galaxy does not strongly affect
the internal kinematics of the dSphs.

Figure 10. Location of dSphs on the radial acceleration relation, using all available data (left) and data that satisfy quality criteria (right; see Section 6.2). Circles and
diamonds distinguish between MW and M31 satellites. Large symbols indicate classical satellites, while small symbols show ultrafaint satellites and more isolated
dSphs (like Cetus and Tucana;see, e.g., Pawlowski & McGaugh 2014). The other symbols and lines are the same as in Figure 3. The dashed-dotted line is a fit to
Equation (14) using high-quality dSphs.
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High-mass, high-surface-brightness (HSB) galaxies cover
the high-acceleration portion of the relation: they are baryon
dominated in the inner parts and become DM dominated in
the outer regions. Low-mass, low-surface-brightness (LSB)
galaxies cover the low-acceleration portion: the DM content is
already significant at small radii and systematically increases
with radius. Strikingly, in the central portion of the relation
( 1 1- -g10 1011

bar
9 m s−2), the inner radii of low-mass

galaxies overlap with the outer radii of high-mass ones. The
rotating gas in the inner regions of low-mass galaxies seems
to relate to that in the outer regions of high-mass galaxies.

3.2. Fits, Scatter, and Residuals

We fit a generic double power law:

ˆ
ˆ ˆ ( )= +

a b b-
⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠y y

x
x

x
x

1 , 9

where α and β are the asymptotic slopes for ˆ�x x and ˆ�x x,
respectively. We rename

ˆ ˆ ˆ ˆ ( )= = = =y g x g x g y g, , , . 10obs bar bar obs

The data are fitted using the Python orthogonal distance
regression algorithm (scipy.odr), considering errors in both
variables. We do not fit the binned data, but the individual 2693
points. The fit results are listed in Table 2 together with
alternative choices of �¡ (Section 4.1) and of the dependent

variable x (Section 4.2). For our fiducial relation, we find a � 1
and ˆ ˆ�g gbar obs, implying that the relation is consistent with
unity at high accelerations. The outer slope β is ∼0.60.
The residuals around Equation (9), however, are slightly

asymmetric and offset from zero. The results improve by fitting
the following function (McGaugh 2008, 2014):

( ) ( )
†

�= =
- -g g

g

e1
, 11

g gobs bar
bar

bar

where the only free parameter is †g . For †�g gbar ,
Equation (11) gives �g gobs bar, in line with the values of α,
ĝbar, and ĝobs found above. For †�g gbar , Equation (11)
imposes a low-acceleration slope of 0.5. A slope of 0.5 actually
provides a better fit to the low-acceleration data than 0.6 does
(see Figure 3). We find ( )† = ´ -g 1.20 0.02 10 10 ms−2.
Considering a 20% uncertainty in the normalization of [ ]¡3.6 ,
the systematic error is ´ -0.24 10 10 ms−2.
Equation (11) is inspired by MOND (Milgrom 1983). It is

important, however, to keep data and theory well separated:
Equation (11) is empirical and provides a convenient descrip-
tion of the data with a single free parameter †g . In the specific
case of MOND, the empirical constant †g is equivalent to the
theoretical constant a0, and ( )� g gbar bar coincides with the
interpolation function ν, connecting Newtonian and Milgromian
regimes. Notably, Equation (11) is reminiscent of the Planck
law connecting the Rayleigh–Jeans and Wien regimes of

Figure 4. Residuals after subtracting Equation (11) from the radial acceleration relation. The top left panel shows ahistogram with Poissonian ( N ) errorbars and a
Gaussian fit. The other panels show the residuals against radius (top right), stellar surface density at R (bottom left), and local gas fraction �M M V Vgas bar gas

2
bar
2 at R

(bottom right). Squares and dashed lines show the mean and standard deviation of binned residuals, respectively. The bar in the bottom right corner shows the
anticipated scatter from observational uncertainties.
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THE MASS DISCREPANCY 
ACCELERATION RELATION
• The MDAR implies a hidden 

degeneracy for the free 
parameters of any given 
density profile 

• In the case of WaveDM, there is 
a degeneracy between the 
soliton radius and the boson 
mass 

• The MDAR also predicts a 
constant surface density for all 
density profiles  

• For WaveDM we obtain:

2

that f(0) = 1 and therefore ρs is the central density.
The magnitude of the (radial) gravitational acceleration
produced by the DM halo at a radius r can be calcu-
lated from gh(r) = GM(r)/r2, where G is Newton’s con-
stant and M(r) is the enclosed mass inside a sphere of
radius r. Then, given the general form of the density pro-
file ρ(r), the gravitational acceleration can be written as

gh(r) = GµDM ĝh(r̂), where ĝh(r̂) = (4π/r̂2)
r̂
!

0

f(x)x2 dx

is a dimensionless quantity, and the radial coordinate has
been normalized to the characteristic radius as r̂ = r/rs.
We can see then that the gravitational acceleration at

any given radius is proportional to the DM central sur-
face density, which we define simply as µDM = ρsrs.
Furthermore, for any density profile the derived maxi-
mal acceleration is given by

gh,max

10−11ms−2
= 0.014

"

µDM

M⊙pc−2

#

ĝh,max . (2)

The value of the dimensionless maximal acceleration
ĝh,max can be readily calculated for any density profile
f(r̂), and then Eq. (2) directly becomes a constraint
equation for the DM surface density µDM .
We have selected DM density profiles of common use

in the literature, and derived the expected value of their
central DM surface density µDM by imposing that each
profile satisfies the UMA Eq. (2) at their corresponding
point of maximal acceleration ĝh,max. The left hand side
of Eq. (2) is the result of a mean behavior of various
galaxies, then the derived values of µDM in Table I will
represent the expected overall behavior that the best-
fit parameters of individual galaxies should follow. Our
predicted values are in agreement with those reported
in previous works for the Burkert[9, 31, 32], MultiState
SFDM[33], pseudo-isothermal (PI)[32] and that of Spano
et al[34] profiles. It can be seen that the standard CDM
profile, also known as the Navarro-Frenk-White (NFW)
profile[2], shows an acceleration that converges to its
maximum at the center. That is, the maximum DM ac-
celeration of the NFW profile is predicted to happen at
the center of each galaxy, which is also noticed in CDM
simulations[35]. In contrast, we find that for all core pro-
files the accelerations will reach their maximal value near
their scale radius rs and then drop to zero for smaller
radii.
Although the UMA obtained from the MDAR is a uni-

versal quantity independent of the DM profile, this is not
the case for the surface density µDM or the dimension-
less maximal value ĝh,max, both dependent on the chosen
DM profile. Nonetheless, once ĝh,max is calculated for a
given density profile, its associated value of µDM will be
fixed for all halos modeled using the same profile, which
then implies the correlation of the two free parameters
in the density profile ρs and rs; the latter are allowed to
vary from galaxy to galaxy as long as their product ρsrs

remains a constant. If the UMA in the DM is valid in-
dependently of the baryonic matter content in a galaxy,
it implies that all DM profiles in Table I have only one
free parameter to fit the rotation curve of any individual
galaxy.
Empirical core profiles have parameters that are not

necessarily tied to fundamental properties of the DM;
however, the profile parameters in models that are theo-
retically motivated can be related to intrinsic quantities
of the model under study. One particularly interesting
case that falls in the latter category is that of ultra-light
SFDM, which assumes that the DM particle is a scalar
field of very small mass whose quantum properties ap-
pear at galactic scales[16, 17, 19, 22–24]. Although the
relativistic theory may be complicated[36, 37], the prop-
erties of the halo density profile are dictated by those of
the so-called Schrodinger-Poisson (SP) system of equa-
tions, see[38, 39] and references therein. The soliton pro-
file actually corresponds to the ground state solution of
the SP system, and we refer to it as the WaveDM pro-
file to distinguish it from other more general solutions
of the SFDM model,e.g., considering multiple states of
the field[40] whose analytical profile is also included in
Table I (MultiState-SFDM).
In empirical profiles the two parameters ρs and rs are

treated as independent, and they are not linked to any
particular DM property. For the WaveDM profile, how-
ever, the parameters ρs and rs are predicted to have
the following scaling property: ρs = λ4m2

a m
2
Pl/4π and

rs = (0.23λma)−1, where mPl is the Planck mass, ma

is the mass of the boson particle and λ is a scaling
parameter[38, 44]. By the elimination of the scaling pa-
rameter λ, we then find the following expression for the
surface density µDM in terms of the mass ma and the
soliton radius rs,

"

rs
pc

#−3
$ ma

10−23eV

%−2

= 4.1× 10−15

"

µDM

M⊙pc−2

#

.

(3)
The existence of a universal value of the surface density,
namely µDM = 648M⊙ pc−2 (see Table I), implies, sim-
ilarly to other core profiles, a close correlation between
ma and rs.2 Moreover, within the WaveDM paradigm
the boson mass ma is a fundamental physical parameter
and as such it cannot vary from galaxy to galaxy. If we
now consider the universality of the surface density im-
plied by the MDAR, Eq. (3) must also fix the value of the
scale radius rs. In contrast to other empirical profiles, we
then find that the MDAR in Eq. (1) ultimately implies

2 Notice that the universality of µDM in Eq. (3) implies for the

WaveDM profile the correlation ma ∝ r
−3/2
s , which is also re-

ported in Fig. 2 of Ref.[41], although it is erroneously attributed
there to a constant core density ρs. See also Fig. 7 in Ref.[42].

Determining  DM particle mass from dSphs 3

a larger radius. This cored profile satisfies a soliton solution
and can be well fitted by (Schive et al. 2014a)

⇢soliton(r) =
1.9 (m /10

�23 eV)�2(rc/ pc)
�4

[1 + 9.1⇥ 10�2(r/rc)2]8
1012 M� pc�3,

(4)

which has two free parameters, m and rc, where rc is the
core radius defined as the radius at which the density drops
to one-half its peak value. The main goal of this work is thus
to determine both rc and m for each dSph. Note that the
mass profile, M(r) = 4⇡

R r

0
s2⇢(s)ds, can be calculated ana-

lytically from Equation (4). See Appendix A for the explicit
form.

Schive et al. (2014a) shows that, in general, the tran-
sition radius between the inner soliton and the outer NFW
halo is greater that 3 rc, which is a few times greater than
the observed half-light radii of dSphs. It is therefore reason-
able to assume that all stars reside within the central soli-
ton and ignore the outer NFW halo in the first place when
conducting the Jeans analysis. For dSphs with stars possi-
bly extending beyond 3 rc (e.g., Fornax), we also extend the
main analysis to include outer NFW halos (see Section 4.2).

2.2 Stellar Density and Velocity Dispersion

Stellar surface density of dSphs are commonly fitted by
King, Sersic, or Plummer models (e.g., Irwin & Hatzidim-
itriou 1995). Following Walker et al. (2009b), we first adopt
a Plummer profile, I(R) = L(⇡R2

h)
�1[1 + R2/R2

h]
�2, where

L is the total luminosity and Rh is the radius enclosing 0.5L.
We use Rh derived from Walker et al. (2009b). Further as-
suming a constant mass-to-light ratio, the three-dimensional
density profile can be derived from the surface density pro-
file by the Abel transform as ⌫(r) = 3L(4⇡R3

h)
�1[1 +

r2/R2
h]

�5/2. We also investigate other stellar density models
in Section 4.1.2 so as to consolidate the results.

For the stellar velocity dispersion, we first adopt the
data of eight classical dSphs in Walker et al. (2007) and
Walker et al. (2009b); Walker (2013) (see Figs. 1 and 3),
where the error bars indicate 1� uncertainty. We shall also
discuss the results using di↵erent observational data sets in
Section 4.1.1.

2.3 Markov Chain Monte Carlo

To constrain the range of m , we follow Walker
et al. (2009b); Salucci et al. (2012) and compare
the empirical line-of-sight velocity dispersion, �V0(Ri),
with the projected velocity dispersion, �p(Ri), esti-
mated from our Jeans analysis using Equation (3).
We explore a three-dimensional parameter vector set
~✓ ⌘

�
� log10(1� �), log10[rc/pc], log10[m /10

�23eV]
 

with uniform priors over the ranges �1  � log10(1��)  1,
1  log10[rc/pc]  4, and 0  log10[m /10

�23eV]  3. We
take the likelihood function

L(~✓) =
NY

i=1

1p
2⇡Var[�V0(Ri)]

exp


�1
2
(�V0(Ri)� �p(Ri))

2

Var[�V0(Ri)]

�
,

(5)

where Var[�V0(Ri)] is the square of the observational uncer-
tainty associated with �V0(Ri) and N is the number of bins
in the velocity dispersion profile. We get a posterior proba-
bility distribution of each model parameter using a Markov
chain Monte Carlo (MCMC) analysis with the Metropolis-
Hastings algorithm (Metropolis et al. 1953; Hastings 1970).
We use the MCMC engine CosmoMC (Lewis & Bridle 2002;
Lewis et al. 2000) as a generic sampler and run four paral-
lel chains. The code computes the R-statistic of Gelman and
Rubin (An et al. 1998) as the convergence criterion and stops
iterations when this value is less than 1.01 for each model
parameter. The first 30% accepted steps are discarded as
burn-in.

To account for the observational uncertainty of Rh, we
follow Salucci et al. (2012) and let Rh sample randomly from
a Gaussian distribution with mean and standard deviation
equal to the observations (Irwin & Hatzidimitriou 1995). We
also investigate the case with a fixed Rh in Section 4.1.2.

3 RESULTS

We apply the Jeans analysis described above to the obser-
vational data of eight classical dSphs. Figure 1 shows the
empirical velocity dispersions of Walker et al. (2009b, here-
after W09) and the estimated best-fit dispersions, which cor-
respond to the maximum likelihood points in our MCMC
chains with m confined in the 2� range of the combined
constraint from eight dSphs. Clearly, the soliton core profile
in the  DM model provides satisfactory fits to the observa-
tions. The reduced chi-square, �2

red, for each dSph assuming
three free parameters lies in the range 0.26� 1.45.

Figure 2 shows the 1� (68%) and 2� (95%) contours for
the posterior distributions of m and rc. The correspond-
ing values of � are shown in the colored scatter plot. Notice
that there is a clear correlation betweenm and rc. It results
from the fact that a significant fraction of stars are located
within the soliton core radius, where the dark matter density
is roughly a constant and thus m and rc become degener-
ate as m / r�2

c (see Equation (4)). It therefore relies on
stars outside rc to break this degeneracy. The mean corre-
lation is found to be m / r�1.4

c , shallower than the fully
degenerate case. It explains the tendency that the tangen-
tial anisotropy increases with decreasing rc and increasing
m . By inserting m / r�1.4

c into Equation (4), we have
⇢soliton / r�1.2

c . Therefore, a smaller rc corresponds to a
higher core density, which needs a larger amount of tangen-
tial anisotropy to counter gravity and match the observed
velocity dispersion profile.

Table 1 lists the means, 1�, and 2� confidence in-
tervals of rc, m , and � for each dSph using the one-
dimensional posterior distribution obtained from MCMC
chains. We estimate the combined constraint by multiply-
ing the one-dimensional posterior distributions of all dSphs
based on the assumption that each dSph gives independent
constraint on m . It leads to 1� (2�) confidence intervals

of m = 1.79+0.17(+0.35)
�0.17(�0.33) ⇥ 10�22 eV and a corresponding

reduced chi-square of particle mass of �2
red = 1.2. We also

estimate the combined constraint by fitting all eight dSphs
simultaneously, and the results are very consistent with the
values given above. See Appendix B for details.

Note that the combined constraint is dominated by For-

MNRAS 000, 1–11 (2016)

Chen, Schive, Chiueh, e-Print: arXiv:1606.09030

U-L, Robles, Matos, PRD 96 (2017) no.4, 043005, e-Print: arXiv:1702.05103

µDM = ⇢srs = 648M�pc
�2

28

U-L, Robles, Matos, PRD 96 (2017) no.4, 043005, e-Print: arXiv:1702.05103 
García-Aspeitia et al, e-Print: arXiv:1511.06740



THE HIDDEN DEGENERACY AT 
SMALL SCALES
• The parameters in the density profile 

are not independent, this comes from 
the properties of the Schrodinger-
Poisson system of equations 

• Fits to small scale structure cannot fix 
the boson mass, but just any 
combination of two parameters. 

• Fits show a strong correlation 
between the boson mass and the 
soliton radius

⇢(r) =
⇢s

(1 + r2/r2s)
8

4 Alma X. Gonzalez-Morales et al

where rsol is the characteristic radius of the soliton core, and
⇢sol the central density. The soliton density and radius are
related by the axion mass, ma (Ru�ni & Bonazzola 1969;
Schive et al. 2014a,b, MP15)3

rsol =


⇢sol

2.42⇥ 109 M�kpc�3

⇣
ma

10�22eV

⌘2
��0.25

kpc . (6)

The parameters corresponding to the external profile
(NFW) are ⇢nfw and the scale radius rs. The radius r✏ is
the transition radius from the soliton (inner) to the NFW
profile (external).

We fix the matching radius between the profiles by the
density ratio, ✏, and in turn use this to fix the NFW char-
acteristic density by continuity:

⇢sol⇥
1 + (r✏/rsol)

2⇤8 = ✏⇢sol =
⇢nfw

(1 + r✏/rs)
2 (r✏/rs)

, (7)

We can now rewrite the density profile in the form

⇢(r) = ⇢sol

8
>>>><

>>>>:

1

[1 + (r/rsol)2]
8 for r < r✏

�NFW

(1 + r/rs)
2 (r/rs)

for r > r✏

. (8)

where

r✏ = rsol(✏
�1/8 � 1)1/2 , (9)

and

�NFW = ✏

"
r✏

rs

✓
1 +

r✏

rs

◆2
#
. (10)

With this form we can see that the density profile is
fully determined once we fix the set of physical parameters:
ma[eV], ⇢sol[M�kpc

�3], ✏ and rs[kpc]. Notice that relation
(6) implies that only two of the three parameters that de-
fines de soliton, ma, ⇢sol and rsol, are actually independent.
In this work we are assuming that there is a universal DM
density profile and dSph’s galaxies have not been a↵ected
on by barionic feedback. Under such assumptions we can
set ma to be a universal free parameter in our analysis. We
now have some freedom to choose between ⇢sol and rsol to
be the other free parameter. We decided to use ⇢sol only
because the prior range can be set more intuitively, but as
we will show in section 4.2.1 this choice do not a↵ect the
results. As we defined the axion mass as a universal parame-
ter, common to all halos, this is essentially a three parameter
halo model, with ✏ the additional parameter over a canoni-
cal NFW profile. There is no definite theoretical prediction

3 The soliton profile is an equilibrium configuration that is nu-
merically obtained from the so-called Schrodinger-Poisson (SP)
system (Ru�ni & Bonazzola 1969; Schive et al. 2014a; Guzman
& Urena-Lopez 2004), and the expression in Eq. (5) is a quite
good fitting formula to the numerical solution. Here we are fol-
lowing the notation in MP15, but also see (Schive et al. 2014b)
for an alternative formula. From the original solution of the SP
system, the parameters of the soliton profile are explicitly given
by: rsol = (0.23ma�)�1, and ⇢sol = m2

Plm
2
a�

4, where mPl is the
Planck mass, and � < 10�3 is a scaling parameter (more details
can be found in (Ru�ni & Bonazzola 1969; Guzman & Urena-
Lopez 2004)). Eq. (6) is then obtained from the aforementioned
expressions when they are combined together to eliminate �.

on how to set the matching radius r✏, though it is expected
to be of order the de Broglie wavelength of the ULA. In
the simulations of (Schive et al. 2014a) the transition typi-
cally occurs for ✏ ⇠ 10�2, with a small redshift dependence.
In (Schive et al. 2014b; Schwabe et al. 2016; Veltmaat &
Niemeyer 2016), soliton mergers are observed to lead to a
core-halo mass relationship that in principle determines ✏

(though details of the results di↵er somewhat). In practice
using a core-halo mass relationship is not e�cient for MCMC
analysis (as it involves solving an additional integral equa-
tion), and so in the present work we take ✏ as a free param-
eter in each galaxy.4 In this model the connection between
the galactic dynamics and the properties of DM, i.e. the par-
ticle mass, is explicit and once we fix the particle mass by
any means it must be the same for all the di↵erent galaxies
in the Universe. On the other hand, the density profile de-
pends on another three parameters that are free to change
from galaxy to galaxy. Our expectation is that, observation-
ally at least, ✏ could be correlated with other properties of
the cosmological model (e.g. structure formation history), or
with the other free parameters of the halo (central density
and scale radius). Furthermore, the scaling properties of the
soliton suggest ✏ may be independent of the axion mass. In
the case that all parameters were constrained by the data,
one could then use the inferred posteriors to test consistency
with the theoretical core-halo mass relationship and check
the consistency of the inferred dSph density profiles with
the formation history in simulations. Since this is not the
case, we consider it prudent to simply marginalize over the
unconstrained degrees of freedom, and focus on constraints
to the axion mass.

It is important to state that the purpose of the present
work is not to compare the profile in Eq. (8) with other halo
models in the literature, but rather to use dSph dynamics
to investigate the parameters of the ULA scenario and test
its consistency as an explanation for dSph cores.

3.2 Dwarf spheroidal internal dynamics

Walker et al. (2009b); Walker et al. (2007); Mateo et al.
(2008); Walker et al. (2009a) reported empirical velocity dis-
persion profiles for the eight “classical” dSphs of the Milky
Way: Carina, Draco, Fornax, Leo I, LeoII, Sculptor, Sex-
tans, and Ursa Minor. Our study extends previous analy-
ses carried out for the generalized Hernquist (Walker et al.
2009b), Burkert (Salucci et al. 2012) and Bose-Einstein con-
densate (Diez-Tejedor et al. 2014) profiles for the DM halo
model in Eq. (8). These studies find that all these types
of profile provide good fits to the data. This is due to the
strong degeneracy between the mass density profile and the
anisotropy of the velocity dispersion. Here we will apply
standard methodologies to generate mock data, which re-
veals that without proper knowledge of the true anisotropy,
or the true density profile, the use of Jeans analysis leads to
biased constraints on the model parameters.

Assuming a constant orbital anisotropy, �(r) = const,
the (observed) projection of the velocity dispersion along
the line-of-sight, �

2
los(R), relates the mass profile, M(r),

4 Note that we choose to work with ✏, instead of r✏, simply be-
cause we have a better intuition for the prior: 0¡ ✏ ¡1 in Eq. (9).
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Figure 6. The same as Fig. 5 for NGC 6503 with three excited states (i, j, k).
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Figure 7. Distribution of resulting core radii rc vs. boson masses m from
the soliton+NFW density profile in the DM model, for 17 LSB and 6 NGC
(including baryonic information) galaxies, ±1� errors from the MCMC
method. The vertical line at m =10�23eV shows the cosmological con-
straint by Lyman- ↵ observations (Sarkar et al. 2016).
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Figure 8. Resulting density profiles for three sample LSB galaxies. The
dashed lines show the soliton+NFW profiles and the solid lines the corres-
ponding multistate SFDM fits. The overlap between both profiles is evident
for the galaxies, showing the core-like behaviour at the innermost radii, the
oscillations around the NFW-region inherent in the multistate profile and the
steeper slope at the outermost radii of the multistate SFDM model compared
to the NFW profile. Every galaxy shows different oscillations depending on
its particular multistate combination.
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APPENDIX A: SOLITON+NFW MASS PROFILE

We restricted the total soliton+NFW density profile (4) in the  DM
model to be continuous and differentiable at the transition radius r✏:

⇢sol(r✏) = ⇢NFW(r✏), (A1)
⇢0sol(r✏) = ⇢0NFW(r✏). (A2)

With these restrictions the two NFW parameters rs and ⇢s can be
written in terms of the other three free parameters, ⇢c, rc and r✏ as:

rs(rc, r✏) =

✓
b� 3
1� b

◆
r✏ (A3)

⇢s(⇢c, rc, r✏) =
1� b

(b� 3)3
4⇢c

[1 + 0.091(r✏/rc)2]8
,

(A4)

where b := 1.456(r✏/rc)
2/[1 + 0.091(r✏/rc)

2] and ⇢c :=
1.9(m /10

�23eV)�2(rc/kpc)
�4.

The total soliton+NFW mass is given by

M DM(r) =

(
Msol(r), if r 6 r✏;

Msol(r✏)�MNFW(r✏) +MNFW(r), if r > r✏;

(A5)

where the core mass function is given by (Chen et al. 2016)

Msol(r) =
4.2⇥ 106M�

(m /10�23eV)2(rc/kpc)
1

(1 + a2)7
⇥
3465a13 + 23100a11 + 65373a9 + 101376a7 + 92323a5

+48580a3 � 3465a+ 3465(1 + a2)7 arctan a
⇤
, (A6)

with a := 0.301(r/rc), and the NFW mass profile given by (Nav-
arro et al. 1997)

MNFW(r) = 4⇡⇢sr
3
s


ln

✓
1 +

r
rs

◆
� r/rs

1 + r/rs

�
. (A7)
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BREAKING THE DEGENERACY

• Comparison of the gravity 
profile with data from classical 
dSphs in the Milky Way 

• The theoretical curve is 
normalized with the surface 
density as suggested by the 
MDAR 

• The data was obtained from 
Fattahi et al, arXiv:1607:06497 

• Shown are three values of the 
soliton radius. The best option 
seems to be 0.30 kpc
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BREAKING THE DEGENERACY

• Comparison of the gravity profile 
with data from all dSphs in the 
Milky Way and Andromeda 

• The data was obtained from Fattahi 
et al, arXiv:1607:06497, and Lelli et 
al, Astrophys.J. 836 (2017) 2, 152  

• The outliers AndXIX, AndXXI and 
AndXXV seem to follow the 
downward trend of the theoretical 
curve 

• The boson mass is 10-21 eV, the 
soliton radius is 300pc, and the 
soliton mass is 107 solar masses
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A common mass scale for satellite galaxies of the Milky Way 
Nature 454, 1096-1097 (28 August 2008) 

Here we use new measurements of the velocities of the stars in these 
galaxies6, 7 to show that they are consistent with them having a common 
mass of about 107 within their central 300 parsecs. This result 
demonstrates that the faintest of the Milky Way satellites are the most 
dark-matter-dominated galaxies known, and could be a hint of a new 
scale in galaxy formation or a characteristic scale for the clustering of 
dark matter.

U-L, Robles, Matos, PRD 96 (2017) no.4, 043005, e-Print: arXiv:1702.05103
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FIG. 3: Snapshots of a soliton collision simulation. Panels
(a)-(c) show the projected density distribution at the initial
and intermediate stages, and panel (d) shows a close-up of
the conspicuous solitonic core at the final stage. Fluctuating
density granules resulting from the quantum wave interfer-
ence appear everywhere and have a size similar to the central
soliton.

halo configuration still persists in a different setting from
cosmological structure formation, and if so, we want to
ascertain what factors determine the soliton scale among
the infinite number of self-similar solutions. Intuitively,
one expects that the final relaxed state should lose the
memory of its initial configuration and thus depends only
on the globally conserved quantities, namely, the total
mass M and energy E (assuming there is no net angular
momentum). We conduct 29 runs in total with differ-
ent initial conditions of various M and E. For the same
M and E, we repeat runs with different realizations, in-
cluding different initial soliton numbers ranging from 4
to 128, different soliton sizes and initial positions. Figure
3 shows one example of the soliton collision simulations.
The AMR scheme is again adopted in order to achieve
sufficient resolution everywhere; in particular, we ensure
that every soliton is well resolved with at least ∼ 104 cells
and verify that M and E remain conserved with at most
a few percent error in all simulations.

The resulting relaxed structures that form in these soli-
ton collision experiments are always found to consist of a
halo and a solitonic core (see Fig. 1 and panel (d) of Fig.
3), similar to the results of cosmological simulations. The
core profiles satisfy the λ scaling and the halo profiles are
close to NFW. This result establishes that the core-halo
configuration is a generic structure of ψDM in virialized

gravitational equilibrium.
More importantly, as shown in Fig. 4, the core mass

follows the relation

M ′
c = α(|E′|/M ′)1/2. (5)

Here the total kinetic energy, potential energy and mass
are defined in the primed (redshift-independent) coor-
dinates as E′

k ≡ 1
2

!

|∇′ψ′|2d3x′, E′
p ≡ 1

2

!

|ψ′|2V ′d3x′,
M ′ ≡

!

|ψ′|2d3x′, and α is a dimensionless constant close
to unity. The physical foundation of this relation can be
appreciated as follows. The RHS represents the halo ve-
locity dispersion, σ′

h, and on the LHS the λ scaling de-

mands that M ′
c ∼ x′−1

c , the inverse soliton size. Accord-
ingly, Eq. (5) relates the soliton size to the halo veloc-
ity dispersion through the uncertainty principle, where
x′
cσ

′
h ∼ 1. This result is non-trivial in that the uncer-

tainty principle is originally a local relation, but here it is
found to hold non-locally, relating a core (local) property
to a halo (global) property. The non-local uncertainty
principle reveals itself in panel (d) of Fig. 3. The inverse
halo velocity dispersion is manifested by the size of halo
density granules, and the fact that the halo granule size
is close to the soliton size provides another perspective
to view the finding of Eq. (5). Eigenmode decomposi-
tion of the core-halo system can help our understanding
of the detailed physics underlying this quantum “ther-
malization”, and it will be presented in a separate work
(Wong et al., in preparation).
We are now in a position to understand the physical

meaning of the empirical Eq. (4). In the structure for-
mation simulations, we verify that halos at different red-
shifts all conform to Eq. (5) by taking E′ and M ′ as the
rescaled halo energy (E′

h) and virial mass (M ′
h). Adopt-

ing the virial condition in the spherical collapse model
|E′

h| = |E′
p|/2 ∼ 3M

′2
h /10x′

vir and retrieving the redshift

dependence then give Mc = α(3Mh/10xvir)1/2a−1/2. Fi-
nally, solving xvir as a function ofMh using the definition
of virial mass given immediately after Eq. (4) yields the
expected core-halo mass relation

Mc =
1

4
a−1/2

"

ζ(z)

ζ(0)

#1/6 " Mh

Mmin,0

#1/3

Mmin,0, (6)

whereMmin,0 = 375−1/432πζ(0)1/4ρm0(H0mψ/!)−3/2Ω−3/4
m0

∼ 4.4×107m−3/2
22 M⊙. Here m22 ≡ mψ/10−22 eV and we

have taken α = 1 and typical values for the cosmological
parameters. Eq. (6) is consistent with Eq. (4) apart
from an additional slowly varying factor ζ(z)1/6. The
physical core radius, rc = axc, is inversely proportional
to Mc and can be expressed as

rc = 1.6 m−1
22 a

1/2

"

ζ(z)

ζ(0)

#−1/6 " Mh

109 M⊙

#−1/3

kpc.

(7)
The smallest halo should be close to a single isolated

soliton, with a wide core and a steeper outer gradient.
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FIG. 4: Scaling relation between core mass and system spe-
cific energy in the soliton collision experiments. Error bars
represent the root-mean-square scatter of different realiza-
tions at a given specific energy bin as well as the fluctuation
in different snapshots of each run. Note that the redshift de-
pendence has been absorbed into the rescaled mass M ′ and
energy E′ (see text for details)

.

Our definition of core mass, M(r ≤ rc), makes up about
25% of the total soliton mass. Thus by taking Mc =
Mh/4 in Eq. (6) we readily obtain a minimum halo mass
Mmin(z) = a−3/4(ζ(z)/ζ(0))1/4Mmin,0 ∼ 3× 108 M⊙ at
z = 8 for m22 = 0.8, consistent with Fig. 2 and the
theoretical prediction [56].
Finally, we conclude this Letter by a conjecture re-

garding the possible consequences of the early forma-
tion of the dense solitonic cores. A present-day galaxy
with a typical halo mass of 2 × 1012 M⊙ will have
Mc ∼ 5 × 108 M⊙ and rc ∼ 160 pc. For a high-redshift
galaxy with the same halo mass, its core mass and grav-
itational acceleration near the core, Mc/r2c , will be en-
hanced by a factor of a−1/2 and a−3/2, respectively. This
much greater gravitational force may quickly attract a
large amount of gas into a small central region, thereby
creating an ultra-dense gas favorable for major starbursts
and formation of supermassive black holes. For example,
a galaxy of 2×1012 M⊙ forming at z = 8 has a core mass
∼ 2× 109 M⊙ in ∼ 60 pc radius and it captures at least
4 × 108 M⊙ gas if the baryon fraction at the core is the
same as or above the cosmic mean. If furthermore the
gas temperature maintains near the Lyman-α onset tem-
perature, 10 eV, this radius is only a factor of two greater
than the 30 pc thermal Jeans length of the gas. Such a
solitonic core can certainly help the prompt formation of
quasars appearing as early as z = 7 [65].
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Council of Taiwan under the grants NSC100-2112-M-002-
018-MY3 and NSC99-2112-M-002-009-MY3.
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ANOTHER SINGLE PARAMETER: 
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∂μ(g μν∂νϕ) − m2 f 2 [1 − cos(ϕ /f )] = 0
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straints on the  DM particle mass, m22 ⌘ m /10
�22 eV.

The first class of constraints addresses the kpc-scale cores
found in the dwarf spheroidal galaxies, leading to m22 ⇠ 1
(e.g., Schive et al. 2014a; Chen et al. 2017) since the larger
the particle mass, the smaller the core. The second class
of constraints focuses on the abundance and size of cosmic
small-scale structures, especially at higher redshifts. For ex-
ample, the Ly↵ forest data suggest m22 & 10 (Iršič et al.
2017; Armengaud et al. 2017), and the high-z luminosity
functions and reionization imply m22 & 1 (e.g., Schive et al.
2016; Corasaniti et al. 2017). There is thus a moderate but
distinct tension between the two types of constraints, which
is similar to, but not as severe as, the “Catch 22” prob-
lem of warm dark matter (Macciò et al. 2012). As found
by Zhang & Chiueh (2017a,b), EA DM predicts signifi-
cantly more abundant small-scale structures and therefore
low-mass haloes compared to FP DM with the same par-
ticle mass, and thus could alleviate this tension. Here we
report the first quantitative study on this subject.

This paper is structured as follows. We describe the
simulation setup in Section 2 and show the results of halo
mass function and assembly history in Section 3. Finally, we
discuss and summarize our findings in Section 4.

2 SIMULATIONS

2.1 Initial Power Spectra

In the  DM scenario, quantum pressure resulting from
the uncertainty principle suppresses the small-scale struc-
tures below a characteristic Jeans scale. This suppres-
sion can be expressed by the CDM-to- DM transfer func-
tion, T 2

 DM(k, z) = P DM(k, z)/PCDM(k, z), where P is the
power spectrum. Although T DM(k, z) is in general redshift-
dependent, Schive et al. (2016) showed that it can be well ap-
proximated as redshift-independent for the particle masses
(m22 ⇠ 1), redshifts (z ⇠ 4–11), and halo masses (Mh &
109 M�) relevant to this work, mainly because the Jeans
mass is well below 109 M�.

The FP DM transfer function is given by (Hu et al.
2000)

TFP DM(x) ⇡ cosx3

1 + x8
, x = 1.61m1/18

22

k
kJ,eq

, (1)

where kJ,eq = 9m1/2
22 Mpc�1 is the Jeans wavenumber at the

matter-radiation equality. It exhibits a sharp cut-o↵ at k ⇠
kJ,eq and strong oscillations for k > kJ,eq. In comparison,
the EA DM transfer function with the same particle mass
features a larger cut-o↵ wavenumber and a spectral bump
before the cut-o↵ (see Fig. 3 in Zhang & Chiueh 2017b).

Fig. 1 compares the linear matter power spectra of
CDM, FP DM, and EA DM at z = 100. We adopt the
fiducial cosmological parameters of ⌦m = 0.30, ⌦⇤ = 0.70,
⌦b = 0.06, h = 0.70, and  DM parameters of m22 = 1.1 and
�✓0 = 0.2�. The EA DM power spectrum shows a broad
spectral bump peaking at k ⇠ 8h Mpc�1 and exceeding the
CDM power spectrum by a factor of five, suggesting a signif-
icant excess of haloes with Mh ⇠ 3⇥ 1010 M�. In addition,
the EA DM power spectrum exhibits a cut-o↵ wavenumber
about a factor of two larger than that of FP DM, indicative
of significantly more haloes below ⇠ 1010 M�. We quantify
these di↵erences from cosmological simulations in Section 3.

Figure 1. Linear power spectra of CDM, FP DM, and EA DM
at z = 100. Both  DM power spectra feature a strong suppression
at the high-k end, while EA DM shows a broad spectral bump
peaking at k ⇠ 8h Mpc�1 and a cut-o↵ wavenumber roughly
twice larger than that of FP DM.

2.2 Simulation Setup

Genuine  DM simulations solving the Schrödinger-Poisson
equation are extremely time-consuming since the matter
wave dispersion relation demands exceptionally high spa-
tial and temporal resolutions to resolve the wave function
accurately (e.g., Schive et al. 2014a,b). However, Schive
et al. (2016) shows that collisionless N -body simulations
with  DM initial power spectra can be adopted to study
the  DM evolution as long as the dynamical e↵ect of quan-
tum pressure is negligible for the redshifts and halo masses
of interest. In this work, we focus on haloes more massive
than ⇠ 2⇥ 109 M�, an order of magnitude higher than the
 DM Jeans mass with m22 ⇠ 1 at z ⇠ 10, and we do not
address the internal structure of haloes (e.g., the cuspy or
cored density profiles). Therefore, it is su�cient for our pur-
pose to conduct the collisionless N -body simulations.

We use the CAMB package (Lewis et al. 2000) for gener-
ating the CDM transfer function, the MUSIC code (Hahn &
Abel 2011) for constructing the initial conditions, and the
GADGET-2 code (Springel 2005) for the N -body simulations.
We adopt a fiducial simulation configuration of (L, N) =
(80h�1 Mpc, 10243), where L3 is the comoving box size and
N is the total number of simulation particles. It corresponds
to a particle mass resolution of ⇠ 5.7⇥107 M�. This config-
uration is chosen to both accommodate a su�cient number
of haloes above ⇠ 1012 M� at z ⇠ 4 and to capture the
decline of  DM halo mass function below ⇠ 1010 M�. We
also conduct simulations with (L, N) = (50h�1 Mpc, 10243)
and (160h�1 Mpc, 10243) to validate the numerical conver-
gence. For each configuration, we conduct CDM, FP DM,
and EA DM simulations from z = 100 to 4.

3 RESULTS

Fig. 2 shows the projected dark matter density centered
on one of the most massive haloes in the simulations at
z = 4–10, which is unambiguously identified in all three
models. At z = 10, the EA DM halo has a mass of Mh ⇠
2.3⇥1011 M�, about two and three times more massive than

MNRAS 000, 1–5 (2017)

• It refers to the case in which 
the axion decay constant   
is small enough. 

• In cosmological simulations, 
it also means that initial 
conditions are set up close 
to the maximum of the 
axion potential.  

• There are measurable 
effects in the background 
evolution and the MPS
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FIG. 1. The evolution of the axion and CDM energy densities
up to the present time. Although the amplitude of the axion
density is initially much smaller than that of CDM, it can
be noted that from log(a) ⇠ �6 the axion density evolves
exactly like CDM. The inset shows that for larger values of
� the axion oscillations start later as compared to those of
the free case, and that the transition to CDM happens more
abruptly.
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number of e-folds N . Notice that the new dynamical

FIG. 2. Mass power spectrum at the present time for an axion
field with the same values of � as in Fig. 1. The characteristic
cut-o↵ of the axion MPS is clearly seen, together with some
di↵erences at small scales induced by the physical parameter
�. (Inset) We show for reference the values of k5% (k50%), the
wavenumber at which the axion MPS di↵ers by 5% (50%) in
amplitude with respect to that of CDM. The values are k5% =
3.9Mpc�1 (k50% = 6.4Mpc�1) and k5% = 3.2Mpc�1 (k50% =
5.7Mpc�1), for � = 0 (grey solid vertical lines) and � = 105

(green dashed vertical lines), respectively. It is concluded that
the presence of the parameter � just increases the suppression
rate of the MPS at larger scales. MPS data from BOSS DR11
[53] is shown for reference.

variable �0 is the axion density contrast, as a straight-
forward calculation using Eqs. (3) and (7) shows that
�0 = (�̇'̇+ @�V ')/⇢�. This implies that Eq. (8a) is the
closest expression one can find to a fluid equation for the
evolution of the axion density contrast. The physical in-
terpretation of �1 is by no means as direct as that of �0,
and then Eq. (8b) tells us of the di�culties to match the
equations of motion of scalar field linear perturbations to
those of a standard fluid[52]. For the initial conditions,
we use the attractor solutions at early times[26] given
by �0i = �h̄i✓

2
i /84 and �1i = �h̄i✓i/7, where hi and ✓i

are, respectively, the initial values of the trace of metric
perturbations h and the background angular variable ✓.

The solution of Eqs. (8) are useful to build up cos-
mological observables such as the MPS, which we show
for the axion field and CDM in Fig. 2. It is well known
that there is a characteristic cut-o↵ in the MPS of a free
field, and this feature is also present for the axion case,
see Figure 2, although with di↵erences that we are to
explain now.

To quantify the di↵erences we determined the
wavenumbers k5% and k50% at which the amplitude of
the MPS changes by 5% and 50%, respectively, with re-
spect to that of CDM. The value of k5% can be con-
sidered an estimate of the cut-o↵ wavenumber, whereas
that of k50% will help us to estimate further deviations
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FIG. 1. The evolution of the axion and CDM energy densities
up to the present time. Although the amplitude of the axion
density is initially much smaller than that of CDM, it can
be noted that from log(a) ⇠ �6 the axion density evolves
exactly like CDM. The inset shows that for larger values of
� the axion oscillations start later as compared to those of
the free case, and that the transition to CDM happens more
abruptly.
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Viewpoint: The Relentless Hunt for Dark Matter 
Dan Hooper 

The latest results from two dark matter searches have further ruled out many theoretically attractive dark matter particle candidates. 

“Because of the progress of experiments such as XENON1T and PandaX-II, the field of dark matter research is currently in a state of major 
disruption. The dark matter, it turns out, is not what many of us in the particle theory community imagined it was likely to be.”
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FIG. 3: Background model in the fiducial mass in a reference
region between the NR median and �2� quantile in cS2b,
projected onto cS1. Solid lines show that the expected number
of events from individual components listed in Table I; the
labels match the abbreviations shown in the table. The dotted
black line Total shows the total background model, the dotted
red line WIMP shows an m = 50 GeV/c2, � = 10�46cm2

WIMP signal for comparison.
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FIG. 4: The spin-independent WIMP-nucleon cross sec-
tion limits as a function of WIMP mass at 90% confidence
level (black) for this run of XENON1T. In green and yellow
are the 1- and 2� sensitivity bands. Results from LUX [27]
(red), PandaX-II [28] (brown), and XENON100 [23] (gray)
are shown for reference.

this, and therefore assume their rate is proportional to
the ER rate, at 0.10+0.10

�0.07 events based on the outliers ob-
served in the 220Rn calibration data. The physical origin
of these events is under investigation.

The WIMP search data in a predefined signal box was
blinded (99% of ERs were accessible) until the event se-
lection and the fiducial mass boundaries were finalized.
We performed a staged unblinding, starting with an ex-
posure of 4 live days distributed evenly throughout the
search period. No changes to either the event selection
or background types were made at any stage.

A total of 63 events in the 34.2-day dark matter
search data pass the selection criteria and are within the
cS12 [3, 70] PE, cS2b 2 [50, 8000] PE search region used
in the likelihood analysis (Fig. 2c). None are within
10 ms of a muon veto trigger. The data is compatible
with the ER energy spectrum in [9] and implies an ER
rate of (1.93 ± 0.25) ⇥ 10�4 events/(kg⇥ day⇥ keVee),
compatible with our prediction of (2.3 ± 0.2) ⇥ 10�4

events/(kg⇥ day⇥ keVee) [9] updated with the lower Kr
concentration measured in the current science run. This
is the lowest ER background ever achieved in such a dark
matter experiment. A single event far from the bulk
distribution was observed at cS1 = 68.0 PE in the ini-
tial 4-day unblinding stage. This appears to be a bona
fide event, though its location in (cS1, cS2b) (see Fig. 2c)
is extreme for all WIMP signal models and background
models other than anomalous leakage and accidental co-
incidence. One event at cS1 = 26.7 PE is at the �2.4�
ER quantile.

For the statistical interpretation of the results, we
use an extended unbinned profile likelihood test statis-
tic in (cS1, cS2b). We propagate the uncertainties on
the most significant shape parameters (two for NR, two
for ER) inferred from the posteriors of the calibration
fits to the likelihood. The uncertainties on the rate of
each background component mentioned above are also
included. The likelihood ratio distribution is approxi-
mated by its asymptotic distribution [25]; preliminary
toy Monte Carlo checks show the e↵ect on the exclusion
significance of this conventional approximation is well
within the result’s statistical and systematic uncertain-
ties. To account for mismodeling of the ER background,
we also calculated the limit using the procedure in [26],
which yields a similar result.

The data is consistent with the background-only hy-
pothesis. Fig. 4 shows the 90% confidence level upper
limit on the spin-independent WIMP-nucleon cross sec-
tion, power constrained at the �1� level of the sensitivity
band [29]. The final limit is within 10% of the uncon-
strained limit for all WIMP masses. For the WIMP en-
ergy spectrum we assume a standard isothermal WIMP
halo with v0 = 220 km/s, ⇢DM = 0.3 GeV/cm3, vesc =
544 km/s, and the Helm form factor for the nuclear
cross section [30]. No light and charge emission is as-
sumed for WIMPs below 1 keV recoil energy. For all
WIMP masses, the background-only hypothesis provides
the best fit, with none of the nuisance parameters rep-
resenting the uncertainties discussed above deviating ap-
preciably from their nominal values. Our results improve
upon the previously strongest spin-independent WIMP
limit for masses above 10 GeV/c2. Our strongest exclu-
sion limit is for 35-GeV/c2 WIMPs, at 7.7 ⇥ 10�47cm2.

These first results demonstrate that XENON1T has
the lowest low-energy background level ever achieved by
a dark matter experiment. The sensitivity of XENON1T
is the best to date above 20 GeV/c2, up to twice the
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2.3 signal events across the full mass range, e.g. 1.9 at
10 GeV/c2 and 2.6 at 1 TeV/c2. This limit is about a
factor of three more constraining than our previous re-
sults [3] (using the CLs approach [23, 24]), and represents
the most stringent limit on elastic WIMP-nucleon spin-
independent cross section for WIMP mass larger than
100 GeV/c2.

In summary, we report the combined WIMP search re-
sults using the data with an exposure of 54 ton-day, the
largest of its kind, from the PandaX-II experiment. Like
the previous attempts, no WIMP candidates have been
identified. This yields a most stringent limit for WIMP-
nucleon cross section for masses larger than 100 GeV/c2.
Theoretical models indicate the importance of enhancing
the current search sensitivity by another order of mag-
nitude. PandaX-II detector will continue to run until a
future upgrade to a multi-ton scale experiment at CJPL.
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for the spin independent WIMP-nucleon elastic cross
sections from the combined PandaX-II Run 9 and Run
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2016 [3] (blue), LUX 2017 [2] (magenta), and
XENON1T 2017 [4] (black). The green band represents
the ±1� sensitivity band.
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CONCLUSIONS
• Scalar fields are inhabitants of many theories that go beyond the 

Standard Model of Particle Physics 

• The existence of scalar fields can imprint particular signatures in 
different cosmological observations (axiverse) 

• A free scalar field behaves as dark matter at large scales, and 
cosmological observations are able to constraint its mass, m>10-23 eV. 

• Nonlinear formation of structure seems to prefer lighter bosons, which 
seems to be at variance with cosmological observations: m<10-22 eV. 

• Conflicts are resolved if m=10-21 eV, but this may imply the existence of 
an universal soliton profile in the center of all galaxies. 

• More studies of small scale structure are required to test further the 
existence of an ultra-light boson as the dark matter particle.
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